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Multi-objective optimal control of
vibratory energy harvesting systems
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Abstract
This article examines the use of actively controlled electronics to maximize the energy harvested from a stationary sto-
chastic disturbance. In prior work by the authors, it has been shown that when the harvester dynamics are linear and
the transmission losses in the electronics are resistive, the optimal feedback controller is the solution to a nonstandard
linear-quadratic-Gaussian optimal control problem. This article augments the theory in the following three distinct ways:
(a) It illustrates how to use linear matrix inequalities to balance the objective of energy harvesting against other response
control objectives (such as minimum requirements on closed-loop damping and maximum levels of voltage response), in
the synthesis of the optimal feedback law; (b) it establishes a more realistic characterization of the transmission losses in
the actively controlled power electronics used to regulate the extraction of power; and (c) it illustrates how the optimal
control theory for resistive loss models can be extended to accommodate the more realistic loss models. The theory is
illustrated in the context of a piezoelectric energy harvesting model, and an example is used to illustrate that the theory
can be used to simultaneously optimize the feedback law, together with the switching frequency and storage bus voltage
of the power electronics.
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Introduction

Vibratory energy harvesting has been the subject of
considerable engineering research, with applications
over a wide range of scales and in many technological
domains. The particular technologies employed for
transduction, power processing and control, and energy
storage vary for different power and time scales. Much
of the more recent research has focused on harvesting
milliwatt-scale power from ambient structural vibra-
tions (Beeby et al., 2006; Priya and Inman, 2009). For
excitation frequencies above about 10 Hz, piezoelectric
transducers have been the predominant transduction
technology, although electromagnetic and electrostatic
transduction technologies have also been demonstrated
to be effective and promising (Anton and Sodano,
2007). For larger structural vibration applications, at
the 1–100 W scale and at frequencies of 1 Hz and
below, a number of researchers have investigated the
use of permanent-magnet machines as generators, both
in back-driven rotary (Cassidy et al., 2011; Nagode
et al., 2010) and linear direct (Zuo et al., 2010) realiza-
tions. Finally, at power scales on the order of 100 kW
and beyond, and at frequencies in the range of 0.075–
0.2 Hz, ocean wave energy converters have been inves-
tigated for decades, using transduction technologies

including (but not limited to) direct-drive permanent-
magnet machines as well as hydraulic pumps (Cruz,
2008).

Figure 1 illustrates a conceptual diagram of a multi-
port energy harvester. We consider an electromechani-
cal system in which np transducer ports are embedded,
with transducer k associated with a voltage vk and cur-
rent ik . (When a harvester has more than one transdu-
cer port, we refer to the vectors of these quantities as v

and i.) The system is excited by one or more external
disturbances, which we denote by a. (In the case where
more than one disturbance exists, a is also a vector.)
The electromechanical system, which we call the ‘‘har-
vester,’’ is the conduit that transfers vibratory energy
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from the excitation to the transducer terminals, where
its extraction and transmission are regulated via the use
of electronics. In many smaller scale energy harvesting
applications, it is comprised of a resonant piezoelectric
system (such as a unimorph or bimorph beam), with
each voltage corresponding to a different piezoelectric
patch. However, the model may also apply to electro-
magnetic harvesters, which are often comprised of sim-
ple single-degree-of-freedom inertial resonators, in
which case a voltage vk would correspond to the open-
circuit back-electromagnetic force (EMF) of an electro-
magnetic transducer.

The problem of optimizing generation of energy
from piezoelectric harvesters, under various assump-
tions for the nature of excitation a, has been examined
by many researchers. In this introduction, we review
some of the contributions to this area. This is not
intended to be an exhaustive survey but rather an over-
view of some of the highlights of recent work. The
focus is on small-scale applications.

The case in which a is sinusoidal with known fre-
quency has received by far the most attention.
Typically, the harvester’s natural frequency is tuned to
coincide with the disturbance frequency. This creates
sizable open-circuit voltages v, which in many studies
are interfaced with a storage device (such as a recharge-
able battery of supercapacitor) via a passive diode
bridge rectifier (Amirtharajah and Chandrakasan,
1998; Roundy et al., 2002), as illustrated in Figure 2(a)
for a single transducer. This approach is advantageous
because it is an entirely passive system, but has two lim-
itations. First, the voltage v will only connect to the
supply voltage bus VS when the diode bridge is forward
biased, which means that power can only be generated
when jvj.VS . Second, when power does flow from
transducer to storage, there is no direct way to control
of this power flow. In the absence of such control, the
circuit may in some circumstances impose excessive
damping on the harvester, which in turn suppresses the
transducer voltage, and results in a very low power.

Motivated by such observations, a number of
researchers have proposed the use of high-frequency

PWM-switched DC/DC converters to control power
extraction from harvesters (Kasyap et al., 2002; Taylor
et al., 2001). Figure 2(b) illustrates the converter pro-
posed by Ottman et al. (2003), which is a buck conver-
ter. By operating the converter in discontinuous
conduction with a constant duty cycle D, they observed
that the low-frequency impedance of the electronics, as
seen from the terminals of the transducer-side capacitor
CT , is insensitive to the voltage magnitude VT , assuming
VT � VS , and is approximately resistive under these cir-
cumstances. This gave rise to the observation that a sin-
gle duty cycle D (thus yielding a constant input
resistance) is near-optimal for any level of excitation
for which jvj � VS is satisfied most of the time. When
thus operated, the circuit is analogous to the passive
rectifier in Figure 2(a), but with the difference that VS is
now VT . Crucially, VT is the voltage across a capaci-
tance in parallel with the input resistance of the conver-
ter, and therefore will rise and fall with the average
levels of jvj, resulting in response behavior that is near-

v
+

−
V

S

+

−

i
S

i

transducer

storage

i
S

V
S

+

−
storage

a

b

c

v
+

−
V

S

+

−

i
S

i

transducer

storagee

v
+

−
V

S

+

−

i
S

i
i
L

transducer

storage

v
+

−
V

T C
T

T1

S1

D1

L

L

+

−

i
T

i

transducer

i
Si

L

V
S

+

−

storage

V
T C

T

T1

T1

D1

D1 T2D2

T3D3 T4D4

L

+

−

i
T

d

v
+

−

i
i
L

transducer

S1 L

L

Figure 2. Power conditioning circuits: (a) passive diode
bridge rectifier, (b) PWM-switched controllable DC/DC (buck)
converter, (c) SSHI circuit with passive rectifier, (d) SSHI
circuit with controllable DC/DC (buck–boost) converter, and
(e) PWM-switched controllable bidirectional H-bridge.
PWM: pulse-width modulation; SSHI: synchronized-switched harvesting
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homogeneous across a range of excitation levels.
Moreover, the rate of power extraction can be readily
controlled by adjusting the duty cycle D to vary the
effective resistance.

Since that study, a number of subsequent research-
ers have investigated the use of other PWM converter
topologies to regulate power extraction. Lefeuvre et al.
(2007) point out that the discontinuously conducting
buck–boost converter is the topology that results in an
input resistance, which is (theoretically) completely
invariant as the magnitude of v varies, irrespective of
the value of VS . Further studies by Kong et al. (2010)
have expanded on this observation. Through these
studies, it has become clear that by controlling these
converters at constant duty cycle, with an appropriately
small transducer-side capacitance CT , one can create an
energy storage recharge circuit that extracts power as if
it were a linear resistor.

This is important, because as has been observed by
many researchers (Scruggs, 2010; Shu and Lien, 2006;
Stephen, 2006), the theoretically optimal power extrac-
tion from a monochromatically excited linear energy
harvester is attained by connecting the harvester to a
recharge circuit that has a linear input impedance
(assuming the transmission losses in the circuit can be
neglected). Specifically, this optimal impedance is
matched to the complex conjugate (for the multitrans-
ducer case, complex conjugate transpose) of the har-
vester’s driving point impedance as measured from the
transducer terminals. As such, for single-transducer
applications, the optimal harvesting circuit is comprised
of a linear resistor together with (in series or parallel) a
reactive component. Depending on the transducer tech-
nology and the frequency of excitation, this reactive
component will either be an inductor or a capacitor. As
such, impedance matching theory leads us to the con-
clusion that if one ignores practical considerations
(such as parasitic losses in the electronics, sizes of vari-
ous electrical components, and parametric uncertainty),
there is a clear ‘‘optimal’’ energy harvesting circuit for
single-transducer linear harvesters subjected to mono-
chromatic excitation—it is always a discontinuously
conducting buck–boost converter driven at constant
duty cycle, in combination with a passive linear
reactance.

Piezoelectric transducers responding at resonance
exhibit a sizable internal capacitive reactance, resulting
in a very low power factor (i.e. cosine of the phase angle
between the velocity-proportional internal current
source for the transducer’s Norton equivalent circuit,
and its open-circuit voltage). The reactive component
of the matched impedance thus turns out to be an
inductance, the value of which can be hundreds of
Henries; orders of magnitude too large to be implemen-
ted on a small-scale application. Efforts to implement
power factor correction in piezoelectric applications,
while requiring smaller inductors, have given rise to the

various nonlinear synchronized-switched harvesting on
inductor (SSHI) circuits. Figure 2(c) illustrates the
‘‘parallel SSHI’’ circuit, examined in Badel et al. (2005),
Guyomar et al. (2005), and Lefeuvre et al. (2005), and
in many subsequent studies (see Wickenheiser and
Garcia (2010) and Lien et al. (2010) for recent reviews
of the rapidly evolving literature on SSHI circuits.) The
circuit operates by closing the parallel switch every time
a peak in transducer displacement is detected. Each
time the switch closes, this causes the L–C circuit
formed by the switched inductor and the piezocapaci-
tance to quickly oscillate through one half-cycle.
(Typically, L is chosen to be small enough that the
period of this half-cycle is considerably shorter than the
excitation period.) At the end of the half-cycle, the
inductor demagnetizes, and this triggers the switch to
open again, and remain so until it is again triggered by
a subsequent displacement peak. The effect of the
switching operations is therefore to force a near-
instantaneous reversal of the magnitude of voltage v,
thus causing v to exhibit zero crossings at approxi-
mately the same times as the transducer velocity. As
such, the fundamental harmonic of power generation
(i.e. at the excitation frequency) exhibits an effective
power factor close to unity. However, unlike the linear
impedance-matched circuit, the inductance necessary to
implement SSHI circuits is only limited by practical
considerations, such as ratings on peak current and
dissipation.

SSHI circuits have been investigated for interface
with both diode bridge rectifiers as in Figure 2(c)
(Liang and Liao, 2011) and to interface with the effec-
tive input resistance of a buck–boost DC/DC conver-
ter, as illustrated in Figure 2(d) (Kong et al., 2010).
The effective resistance (and therefore the duty cycle)
of the converter in Figure 2(d) should be chosen in a
similar manner as it would in a linear impedance-
matched circuit. Almost all SSHI techniques have pre-
sumed harmonic excitation.

Liu et al. (2009) point out that SSHI circuits have a
disadvantage, in that during the time when the inductor
is switched on, iL is uncontrollable, and the only way to
adjust the design to bound its peak value is to increase
L. However, increasing L also slows the voltage reversal
time. Large values of iL lead to higher root mean
square (RMS) losses for the circuit, and thus, there is
an advantage to a circuit that can more carefully regu-
late current during the voltage reversal, while still yield-
ing fast reversal times. Toward this end, Liu et al.
advocate the use of a fully active PWM-controlled H-
bridge circuit, as illustrated in Figure 2(e), which allows
for full control of the current i. The circuit is bidirec-
tional, meaning that power may be made to flow both
ways through the converter (i.e. from v to VS as well as
the other way). During times when an actual SSHI
switch would be open, the diode bridge in the H-bridge
circuit is forward biased (i.e. jvj.VS) and power flows
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to storage. During the brief periods when the SSHI
switch would be closed, the H-bridge is controlled to
draw a large constant current from the transducer, caus-
ing the voltage of the piezoelectric to reverse its sign with
approximately linear rate of change. During the first half
of the reversal action, the H-bridge extracts charge from
the piezocapacitance, resulting in power flow from v to
VS . During the second half, the H-bridge pumps energy
back into the piezocapacitance, resulting in power flow
from VS back to v, until jvj has increased to VS again. At
this time, the diode bridge in the H-bridge becomes for-
ward biased, and the effective SSHI switch becomes open
again. As such, the advantage of implementing ‘‘artifi-
cial’’ SSHI with an H-bridge is that the maximum cur-
rent during the switching operations can be regulated,
and also that the voltage reversal times can be minimized
subject to this maximum current restriction.

As with the single-directional DC/DC converters in
Figure 2(b) and (d), current control in an H-bridge is
accomplished via high-frequency PWM switching. By
appropriate switching of its four metal–oxide–semicon-
ductor field-effect transistors (MOSFETs), the H-
bridge can be controlled to raise or lower the current i

arbitrarily to track a desired value, and because L is
typically designed to be small, current tracking can be
effected at high bandwidth. As such, H-bridges require
an electronic controller and require that the four
distinct MOSFETs be gated at high frequency.
Consequently, the suitability of the circuit depends on
the power scale of the application, and how this com-
pares with technological details relating to parasitic
losses associated with electronic control.

Considerable research has extended many of the
ideas discussed earlier to the case in which the fre-
quency of excitation changes slowly and in a manner
which is uncertain. Recently, Cammarano et al. (2010)
illustrated that the synthetic harvesting impedance for
the electronics can be adapted to these changes, as the
excitation shifts away from resonance of a harvester, in
order to maintain theoretical impedance matching con-
ditions. The practicalities of adapting the reactive com-
ponent of a impedance-matched circuit would likely
require active control with a bidirectional electronic
converter, such as the H-bridge discussed earlier,
although SSHI circuits with appropriate phase-shifting
can also be used for this purpose (Luo and Hofmann,
2011). It should also be noted that considerable
research has focused on the use of nonlinearity and also
the use of multiple transducers to create energy harvest-
ing systems for narrowband disturbances, which are
robust to large uncertainties in the disturbance fre-
quency (see Tang et al. (2010) for a recent synopsis of
the many efforts in this area).

In many applications, the disturbance a cannot be
presumed to be narrowband and is much more appro-
priately modeled as a stochastic process, possibly with a
low quality factor. For such cases, determination of the

optimal energy harvesting circuit is more challenging
because the system must harvest energy from a continu-
ous band of frequencies simultaneously. It should be
noted that this problem is fundamentally different from
the aforementioned problem in which the disturbance is
assumed to be monochromatic but with uncertain fre-
quency. Indeed, it may be the case that a system opti-
mized for one of the two problems performs poorly
when applied to the other. Halvorsen (2009) investi-
gated the broadband energy harvesting problem, in
which he modeled a as white noise and investigated
R–L–C networks to extract power from electromagnetic
and piezoelectric transducers. This research was fol-
lowed up by Adhikari et al. (2009), who performed a
similar analysis and examined related optimization of
these networks. Daqaq (2011) examined the influence
of nonlinearity on stochastic energy harvesting, point-
ing out the interesting fact that for white-noise-excited
single degree-of-freedom systems with nonlinear stiff-
ness (and minimal transducer reactance), the optimal
harvesting circuit still has a linear input resistance.
However, this is not true for the case of colored noise
excitation.

Simultaneously with the above-mentioned research,
Scruggs (2009) showed that for white-noise-excited har-
vesters, the optimal causally attainable power genera-
tion (i.e. the power generation achievable without
knowing the disturbance ahead of time) is achievable
only with active control, that is, with a bidirectional
active drive circuit such as H-bridge. Furthermore, the
determination of the optimal power extraction can be
framed as a feedback optimization problem, with the
optimal feedback being determined via the solution to
an associated linear-quadratic-Gaussian (LQG) control
problem. In Scruggs (2010), this analysis is extended to
the case of colored disturbance noise of arbitrary qual-
ity factor. These studies illustrate that when the drive
electronics are efficient enough, the frequency content
of the optimized power flow is such that in frequency
bands near resonance, average power flows from trans-
ducer to storage, but in other frequency bands, average
power flows the other way. This implies that the opti-
mal harvesting circuit cannot be made equivalent to any
passive network, as is done for harmonic energy har-
vesting via impedance matching theory. These studies
also showed that in a stochastic context, the causal limit
on the average harvested power is due to limitations on
energy conversion efficiency as well as information-
related limitations arising from an inability to accu-
rately ascertain the internal state of the harvester.

The present article further explores the connections
between optimal feedback control theory and energy
harvesting. The analysis is conducted in a stochastic
context and assumes an active power-electronic drive as
in Figure 2(e). We presume the active drive is operated
in discontinuous conduction, the operation and model-
ing of which are discussed at length in ‘‘Nonquadratic

2080 Journal of Intelligent Material Systems and Structures 23(18)



loss model of an H-bridge.’’ At present, it suffices to
say that what this accomplishes is the ability of the har-
vesting circuit to track a desired current with high
bandwidth, based on feedback of the transducer vol-
tage v. Specifically, the contributions of the article are
as follows:

1. We develop a detailed model for the losses in
the electronics, including gating, transition,
diode, and resistive loss types, and show how
these losses affect the determination of the opti-
mal feedback law. We also show how the choice
of storage bus voltage (VS) and PWM switching
frequency affect the optimal controller and the
optimized power.

2. We show how the objective of energy harvesting
can be balanced against other competing objec-
tives that are necessary for the drive to operate
properly. Specifically, the closed-loop system
must adhere to jv(t)j\VS for most t and must
have closed-loop dynamics that evolve much
more slowly than the switching frequency.

3. We show how the objective of energy harvesting
can be balanced against structural control
objectives. Here, this is illustrated by requiring
that the harvesting circuit be operated in such a
way that the fraction of critical damping for all
closed-loop system modes be above some
threshold. This provides a generalization of
many prior studies that have examined the
interesting conflict between energy harvesting
and structural damping objectives (Lesieutre et
al., 2004; Liang and Liao, 2009; Shu and Lien,
2006). However, the technique we propose here
is applicable to many other conflicting struc-
tural control objectives besides supplemental
damping, such as disturbance rejection, track-
ing, and robustness objectives.

4. We illustrate how all the above issues can be
handled in a unified way, through the use of lin-
ear matrix inequality (LMI)-based convex opti-
mization techniques (Boyd et al., 1994). This is
advantageous because once an optimization has
been framed as an LMI problem, efficient inte-
rior point or primal-dual algorithms exist (and
are widely available) to solve them.

Our discussion in this article is purely analytical; the
goals are merely to provide a control theoretic frame-
work for thinking about stochastic energy harvesting
and for balancing energy harvesting against other
response objectives. Considerable effort would be neces-
sary to develop a practical H-bridge drive that can oper-
ate near the theoretical limits of its efficiency, as derived
here. However, we see these issues as being beyond the
scope of the article, which merely provides a theoretical
motivation for such experimental investigations.

Energy harvesting as a feedback problem

Irrespective of what type of power conditioning circuit is
used in an energy harvesting application, or how many
transducers or disturbances are considered, one can char-
acterize the system model by the block diagram shown in
Figure 3. The block labeled ‘‘harvester’’ is the system illu-
strated in Figure 1, with inputs of a and i. The outputs
of the harvester are voltage vector v, and also a vector z

of other system response quantities deemed important.
The electronics that condition and regulate the power
extracted from the harvester may be characterized, for
all practical purposes, by the following two quantities:

1. A feedback law K that maps present and past
values of v into i. In some harvesting systems,
additional feedback signals besides v (such as
the harvester displacement in the SSHI circuit)
also play a part in the feedback law for i. Note
that the presence of feedback does not necessa-
rily imply active control. Rather, it merely
reflects the influence of the electronics on the
harvester dynamics. Indeed, all the circuits in
Figure 2 impose an associated feedback law K

on the harvester dynamics.
2. A transmission loss model m, which determines

the power dissipation Ploss(t) in the harvesting
circuit, as a function of v(t) and i(t), for t<t.
Clearly, Ploss(t) may also depend on internal
states of the circuit (which, in turn depend on
present and past values of v and i, but also on
the bus voltage VS, switching states, etc.) and
will in general be further parametrized by the
specific hardware used to realize the circuit.

The power generated from the harvester at time t is

Pgen tð Þ= � iT tð Þv tð Þ � m tð Þ ð1Þ

In addition to the objective of optimizing generated
power, we presume the response quantities in vector z

(such as stresses, strains, voltage levels, accelerations,
and current magnitudes) to be of importance. The
power generation in stationary stochastic response is

harvester

K

za

vi
sensor 
outputs

electronic
states

P
loss

μ

Figure 3. Block diagram of general energy harvesting problem.
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�Pgen ¼
D E �iT v� m
� �

ð2Þ

Likewise, the stationary variances for each of the com-
ponents of z is

�szk ¼
D Ez2

k , k = 1 . . . nz ð3Þ

We can then view the optimization of energy har-
vesting systems, both in terms of hardware parameters
and intelligent control if it applies to a specific prob-
lem, as a constrained optimization. We have defined
multiple objectives, one of which is the power genera-
tion in stationary response. We wish to optimize one of
these objectives, subject to constraints on the others. In
this analysis, we will narrow the focus to the specific
problem of optimizing K to maximize �Pgen subject to
constraints on �szk, for a parametrized loss model m. We
will also place other constraints on the dynamic beha-
vior of the closed-loop system in Figure 3.

In this context, the assumption that the currents are
actively controlled by the H-bridge in Figure 2(e) sim-
plifies the analysis, because it allows us to assume K

can be chosen arbitrarily, that is, that it is not con-
strained to the highly specific dynamics of, for example,
an SSHI circuit. It also allows us to design K to be a
linear time-invariant feedback function of v, which
makes the optimization tractable. However, the analy-
sis does address the more complicated power dissipa-
tion associated with the control, in the sense that we
will develop a detailed model for m, and K will be opti-
mized subject to this model.

The simplest modeling assumption we can make is
that Ploss represents resistive (i.e. ‘‘i2R’’) losses associ-
ated with power transmission, in which case we would
say that Ploss = iT Ri, where R.0 is a matrix characteriz-
ing the resistivity of the network. In this article, we con-
sider more general models for Ploss, which merely retain
the assumption that the dissipation may be expressed
as a static function of i, that is

Ploss = m ið Þ ð4Þ

where m( � ) may be nonquadratic, but is assumed to be
time-invariant and positive-definite. In ‘‘Nonquadratic
loss model of an H-bridge,’’ we provide justification
that these modeling assumptions are reasonable for H-
bridge circuits. In the theory proposed in this article,
we first introduce an analysis for quadratic m and then
extend this analysis to a class of generalized nonqua-
dratic loss models as in equation (4).

Statement of the multi-objective optimal
control problem

We presume a generic linear state space for the har-
vester of the form

_xh = Ahxh + Bhii + Bhaa ð5aÞ

v = BT
hixh ð5bÞ

z = Chxh + Dhii + Dhaa ð5cÞ

where xh is the system state vector. Assuming the energy
harvester is a positive-real linear system (i.e. assuming it
has no internal energy sources), the above mathematical
characterization, with its dual use of the matrix Bhi, can be
asserted without loss of generality (Brogliato et al., 2007).

We assume a is a stationary stochastic process with
a rational, strictly proper power spectrum. In this case,
it can be modeled as white noise, sent through a finite-
dimensional filter, that is

_xa = Aaxa + Baw ð6aÞ
a = Caxa ð6bÞ

where w is a white noise process with spectral intensity
matrix Sw = I . Augmenting the control and disturbance
states, the composite system state x = ½ xT

h xT
a �

T 2 R
n

obeys

_x = Ax + Bii + Bww ð7aÞ

v = BT
i x ð7bÞ

z = Cx + Di ð7cÞ

with appropriate definitions for the above-mentioned
parameter matrices fA, Bi, Bw, C, Dg.

We assume that the electronics are actively con-
trolled via voltage feedback. Specifically, we assume a
linear feedback controller K(s) : v(s)! i(s), where K(s)
is to be designed. We assume the order of K(s) to be n

(i.e. the same as that of the system model), and that
K(s) must be strictly proper. This implies a controller
state space j 2 Rn characterized by

_j = AKj + BKv ð8aÞ
i = CKj ð8bÞ

Augmenting the system states with the control states,
the augmented state space x = ½ xT jT �T is

_x =Ax +Bw ð9aÞ
v = Cvx ð9bÞ
i = Cix ð9cÞ
z = Czx ð9dÞ

where

A=
A BiCK

BKBT
i AK

� �
B =

Bw

0

� �

Cv = BT
i 0

� �
Ci = 0 CK½ �
Cz = C DCK½ �
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We wish to optimize fAK , BK , CKg to maximize �Pgen,
subject to constraints on the response variances �szk.
Without loss of generality, we assume that each
response quantity zk is normalized such that if �szk =�sz‘,
this implies that responses zk and z‘ are of equivalent
acceptability. Thus, we can state the response con-
straint as �szk\g, k 2 f1 . . . nzg. In addition to these con-
straints, we will also require that the poles of the
closed-loop system (i.e. the eigenvalues of A) are in
some region M in the s-plane. Specifically, we will
defineM as the region of eigenvalues with moduli less
than a threshold v0 and damping ratios greater than a
threshold z0, that is

M= l : jlj\v0, � l + �l
2jlj.z0

n o
ð10Þ

To summarize, we state the following multi-objective
optimization problem, which will be denoted as
Optimization Problem 1 (OP1)

OP1 :

Maximize : �Pgen

Over : AK , BK , CK

Constraints : �szk\g : k = 1 . . . nz

spec Að Þ � M

8>><
>>:

where spec( � ) is the spectrum (i.e. set of eigenvalues)
of A.

Optimal control with resistive
transmission loss model

In this section, we will develop the theory for how to
solve OP1 when the loss model is resistive, that is,

m ið Þ= iT Ri ð11Þ

for some R.0. This will be followed later in the article
by an extension of the methods to a broader class of
(more realistic) loss models.

Matrix inequality interpretation

Our first step is to recast each of the objectives and con-
straints from OP1 as an associated LMI. We begin by
noting that ExxT\S if and only if S.0 and

AS + SAT +BBT\0 ð12Þ

It follows that a given constraint �szk\g if and only if
9Sk = ST

k .0 satisfying (12) as well as

g.CzkSkCT
zk ð13Þ

where Czk is the kth row of Cz. Equivalently, �szk\g if
and only if 9Pk = PT

k .0 satisfying

AT Pk + PkA PkB
BT Pk �I

� �
\0 ð14Þ

g Czk

CT
zk Pk

� �
.0 ð15Þ

To put the optimization of �Pgen in terms of matrix
inequalities, we invoke a result proved in Scruggs
(2010), which states that for any stabilizing feedback
law K(s), �Pgen may be expressed as

�Pgen = �Pmax
gen � E i� Fxk k2

R ð16Þ

where

�Pmax
gen = � 1

2
tr BT

wQBw

� �
ð17Þ

F = � 1
2
R�1BT

i Q + I½ � ð18Þ

and Q is the solution to the nonstandard Riccati
equation

0 = AT Q + QA� 1
2

Q + I½ �BiR
�1BT

i Q + I½ � ð19Þ

(In Scruggs (2010), it is proved that this equation has a
solution if the transfer function from i to v is positive
real in the weakly strict sense. Speaking loosely, this
implies that the harvester is asymptotically stable and
the driving point impedance of the harvester is passive.)
Note that �Pmax

gen is algebraically related to the system
parameters, but does not depend on the way the cur-
rent i is controlled. The maximization of �Pgen is there-
fore equivalent to the minimization of its departure
from the feedback-invariant upper bound �Pmax

gen , that is,
the minimization of E i� Fxk k2

R.
As such, for some u 2 R, we have that �Pgen.u if and

only if 9SP.0 satisfying (12) together with

tr R Ci � Fð ÞSP Ci � Fð ÞT
n o

� �Pmax
gen + u\0 ð20Þ

where

F = F 0½ � ð21Þ

An equivalent condition is that 9PP.0 and W = W T

such that

AT PP + PPA PPB
BT PP �I

� �
\0 ð22Þ

W Ci � F
CT

i � F T PP

� �
.0 ð23Þ

tr RWf g � �Pmax
gen + u\0 ð24Þ

We note that with no introduction of conservatism,
we may set the equivalency

PP = P1 = . . . = Pnz
ð25Þ

To see this, consider that for any fu, gg resulting in a
feasible solution to LMIs (14), (15), (22), (23), and (24),
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the region of feasibility is maximized by setting
PP = Pk = S�1

e where Se is the solution to

ASe + SeAT +BBT + eI = 0 ð26Þ

for e! 0. Thus, we have that �szk\g, k 2 f1 . . . nzg and
�Pgen\u if and only if 9P.0 and W = W T such that (24)
holds, together with

AT P + PA PB
BT P �I

� �
\0 ð27Þ

g Czk

CT
zk P

� �
.0 ð28Þ

W Ci � F
CT

i � F T P

� �
.0 ð29Þ

Now, we turn our attention to the pole placement
constraint. First, we note that for any stable matrix A,
the regionM in the open left-half plane (denoted C�),
as characterized by equation (10), may be restated as

M= s 2 C� : Lk + sMk +�sMT
k \0, k 2 v, zf g

� �
ð30Þ

where

Lv = � v0I2 Mv =
0 1

0 0

� �
ð31Þ

Lz = 0232 Mz =
1 a

�a 1

� �
ð32Þ

where a = z0=
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� z2

0

q
. We then have that as proved in

Chilali and Gahinet (1996), an asymptotically stable A
has its eigenvalues in M if and only if 9Pv.0, Pz.0

such that

Lk � Pk + Mk � AT Pk

	 

+ MT

k

	 

� PkAð Þ\0, k 2 v, zf g

ð33Þ

where ‘‘� ’’ denotes the Kronecker product.
We now impose the conservative restriction that

Pv = Pz = P ð34Þ

In so doing, we can append the LMIs

�v0P AT P

PA �v0P

� �
\0 ð35Þ

AT P + PA a AT P� PA
	 


a PA�AT P
	 


AT P + PA

" #
\0 ð36Þ

to the previous set of LMIs (24) and (27) to (29), to
form the full feasibility set for the multi-objective feed-
back design problem. We emphasize that up until the
imposition of equation (34), no conservatism had been
introduced into the feasibility criteria. Equating the
various Lyapunov matrices as in equation (34) is called

‘‘Lyapunov shaping’’ and is a conservative assumption
imposed in order to arrive at a convex optimization
problem.

Convex design problem

With the matrix inequalities from the previous section
defined, we now use standard LMI techniques, as out-
lined by Scherer et al. (1997), to arrive at a convex semi-
definite program. To summarize the standard results,
we partition P and its inverse as

P =
Y N

NT �

� �
P�1 =

X M

MT �

� �
ð37Þ

where � implies a matrix sub-block that does not need
to be known, and where X = X T and Y = Y T . Next,
define the transformation matrix

P1 =
X I

MT 0

� �
ð38Þ

and note that the following transformations occur

PT
1 PAP1 =

AX + BiĈ A

Â YA + B̂BT
i

� �
ð39Þ

PT
1 PB =

Bw

YBw

� �
ð40Þ

CvP1 = BT
i X BT

i

� �
ð41Þ

CiP1 = Ĉ 0
� �

ð42Þ

CzP1 = CX + DĈ C
� �

ð43Þ

FP1 = FX F½ � ð44Þ

PT
1 PP1 =

X I

I Y

� �
ð45Þ

where the variables

Â = NAKMT + NBKBT
i X + YBiCKMT + YAX ð46aÞ

B̂ = NBK ð46bÞ

Ĉ = CKMT ð46cÞ

become the transformed control design variables. The
reason for performing these transformations is that they
permit LMIs (27) to (29), (35), and (36) to become lin-
ear in the variables fX , Y , Â, B̂, Ĉ, W , g, ug. Specifically,
they respectively become

D1 + DT
1 A + Â

T
Bw

D2 + DT
2 YBw

symð Þ �I

2
4

3
5\0 ð47Þ
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�g CkX + DkĈ Ck

�X �I

symð Þ �Y

2
4

3
5\0 ð48Þ

W Ĉ � FX �F

X I

symð Þ Y

2
4

3
5.0 ð49Þ

�v0X �v0I DT
1 Â

T

�v0Y AT DT
2

�v0X �v0I

symð Þ �v0Y

2
664

3
775\0 ð50Þ

D1 + DT
1 A + Â

T
a DT

1 � D1

	 

a Â

T � A
� �

D2 + DT
2 a AT � Â

	 

a DT

2 � D2

	 

D1 + DT

1 A + Â
T

symð Þ D2 + DT
2

2
66664

3
77775\0

ð51Þ

where

D1 = AX + BiĈ ð52Þ

D2 = YA + B̂BT
i ð53Þ

With the problem transformed as such, the follow-
ing optimization is a standard (convex) LMI eigenvalue
problem, which we will call OP2

OP2 :

Maximize : �Pmax
gen � tr RWf g

Over : X , Y , Â, B̂, Ĉ, W
� �

Constraints : 47ð Þ, 48ð Þ, 49ð Þ, 50ð Þ, 51ð Þ

8<
:

Let the optimal solution be
fX H, Y H, ÂH, B̂H, ĈH, W Hg. Then, because OP2 is
always more conservative than OP1, we have that the
resultant power generation �PH

gen at the optimum is
under-bounded by the maximization objective, that is,

�PH

gen 	 �Pmax
gen � tr RW H

� �
ð54Þ

To obtain a set of controller state space parameters
fAK , BK , CKg that achieve the optimized performance
bound in equation (54), we first find M and N . An infi-
nite number of equivalent realizations exist, and conse-
quently, there will be an infinite number of valid
fM , Ng combinations. It is only important that they
bring about the inverse relations in equation (37),
which is ensured by

X HY H + MNT = I ð55Þ

Thus, with fX H, Y Hg solved, we may find a valid pair
fM , Ng by performing the singular value
decomposition

USV T = I � X HY H ð56Þ

where S is diagonal and positive semidefinite, and
fU , Vg are unitary. Then, one can find

M = US
1=2

N = VS
1=2 ð57Þ

With these solved, we can then find the inverse map-
ping of equation (46) as

CK = ĈHM�T ð58aÞ

BK = N�1B̂H ð58bÞ

AK = N�1 Â
H � Y HAX H � Y HBiĈ

H � B̂
H

BT
i X H

� �
M�T

ð58cÞ

With the control parameters known, we may find the
actual (i.e. nonconservative) value of �PH

gen achieved by
the optimized controller by solving the closed-loop cov-
ariance matrix via the Lyapunov equation

ASH + SHAT +BBT = 0 ð59Þ

with the optimal fAK , BK , CKg parameters inserted into
A and B, and then evaluating

�PH

gen = �Pmax
gen � tr R Ci � Fð ÞSH Ci � Fð ÞT

n o
ð60Þ

Similarly, the actual (nonconservative) values of �sH

zk are
each CzkSHCT

zk.
Note that although we have framed this problem

with �Pgen as the target for optimization, subject to the
constraints that �szk\g together with the regional con-
straint on the poles, we could have just as easily opti-
mized the bound g for the �szk values (or the shape of
pole placement region M, for that matter) subject to
the constraint �Pgen.u, for some specified u. Doing this
modifies the optimization only superficially—all the
LMIs remain the same, although equation (24) would
have to be imposed explicitly as a constraint in OP2 for
this case, whereas in the optimization of �Pgen, its impo-
sition was unnecessary. Additionally, if nz.1, the vari-
able g would become a free optimization variable in
the design space, with its value being the minimization
objective.

Nonquadratic loss models

Nonquadratic loss model of an H-bridge

Consider again the H-bridge in Figure 2(e). In this cir-
cuit, each MOSFET/diode pair is operated like a
power-electronic switch. In this article, we consider the
operation of this system in bidirectional discontinuous
conduction mode. In this operation regime, a given
transducer’s current is controlled to take on the shape
shown in Figure 4. As shown, current from the transdu-
cer is controlled in triangular bursts, which are trig-
gered by a switching clock with period ts. The switching
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frequency fs = 1=ts is presumed to be at least a decade
above the predominant dynamics of the harvester (i.e.
1

2p
v0), and as such, the high-frequency component of

the current is assumed to be filtered by the transducer
capacitance. Consequently, it is only the low-frequency
switch-averaged current that significantly influences
the overall system response. For clarity, we refer to ik
as the low-frequency average-switched signal, and ~ik as
the actual current with its high-frequency content
included.

For the analysis of the H-bridge, we will drop the
transducer number subscript k, to simplify the nota-
tion. At the beginning of the given switching cycle (i.e.
t = 0), ~i(0) = 0. Depending on whether the desired aver-
age current is positive or negative, either MOSFETs 1
and 4, or MOSFETs 2 and 3 (respectively) are switched
on at t = 0. Assuming the storage voltage VS is greater
than the magnitude jvj of the transducer voltage, this
will cause current to flow through the transducer and
inductor. The MOSFETs remain switched on over the
period t 2 ½0, Dts�, where D is the controllable duty
cycle. During this time, the differential equation for the
evolution of current magnitude j~ij is

Ld
dt
j~ij= VS � v sgn ~i

	 

� V1

~i
	 


ð61Þ

where V1( � ) is the (possibly) nonlinear conduction vol-
tage of the conducting path of the H-bridge, including
the MOSFETs as well as possibly the series resistance
of the transducer and inductor. We will assume it to be
an affine function of j~ij

V1 = V01 + R1j~ij ð62Þ

that is, energy is dissipated like a diode in series with a
resistor. At time t = Dts, we have that

j~i Dtsð Þj=
VS � v sgn ~i

	 

� V01

R1

1� e�R1Dts=L
� �

ð63Þ

Assuming DtsR1=L
 1, this is approximately

j~i Dtsð Þj=
VS � v sgn ~i

	 

� V01

L
Dts ð64Þ

At this time, the MOSFETs are switched off. The pres-
ence of the inductance in the conductive path then

triggers the free-wheeling diodes to conduct, causing
the inductor to demagnetize, arriving at j~ij= 0 at time
t = Ets. During the demagnetizing time t 2 ½Dts, Ets�, the
differential equation for j~ij is

Ld
dt
j~ij= � VS � v sgn ~i

	 

� V2

~i
	 


ð65Þ

where V2( � ), defined similarly to V1( � ), is the switch
conduction voltage, which we assume similarly to be

V2 = V02 + R2j~ij ð66Þ

However, note that because the current is routed
through diodes instead of MOSFETs in the demagne-
tizing phase, it will be the case that V01 6¼ V02 and
R01 6¼ R02. Using a similar reasoning to that for the
magnetizing phase, j~i(Dts)j is derived in terms of E as

j~i(Dts)j=
VS + v sgn ~i

	 

+ V02

L
E � Dð Þts ð67Þ

Thus, equating equation (64) with equation (67) gives

E � D

D
=

VS � v sgn ~i
	 

� V01

VS + v sgn ~i
	 


+ V02

ð68Þ

As discussed, it is generally true that R1 6¼ R2 and
V01 6¼ V02. However, we can simplify the math by
assuming that each switch exhibits the conductive dissi-
pation which involves the maximum of each of these
parameters, in both the magnetizing and demagnetizing
phases. Thus, we make the conservative substitution

V01, V02  V0 ¼D max V01, V02f g ð69Þ

R1, R2  R0 ¼
D
max R1, R2f g ð70Þ

We emphasize that although this results in a simplifica-
tion of the system loss model, it is always conservative,
in the sense that it will result in an overestimation of the
system losses.

So doing, the two key quantities we will need for our
analysis become

j~i Dtsð Þj=
VS � v sgn ~i

	 

� V0

L
Dts ð71Þ

and

E � D

D
=

VS � v sgn ~i
	 

� V0

VS + v sgn ~i
	 


+ V0

ð72Þ

From equation (72), we have that

E =
2VS

VS + v sgn ~i
	 


+ V0

D ð73Þ

i
k
(t)

Dt
s

Et
s

t
s0

i tk ( )

t

Figure 4. Current of transducer k in discontinuous
conduction: actual current~ik and low-frequency component (i.e.
average-switched value) ik.
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Denote avg½0, ts�j~ij as the average current magnitude
over the switching cycle. From the geometry of the tri-
angular waveform, we have that

avg 0, ts½ �j~ij=
Ej~i(Dts)j

2
ð74Þ

=
VS

fsL

VS � v sgn ~i
	 

� V0

VS + v sgn ~i
	 


+ V0

D2 ð75Þ

As such, for switching cycle N with t 2 ½Nts, (N + 1)ts�,
the low-frequency component of ~i can be controlled via
D, that is,

ji tð Þj’avg Nts, N + 1ð Þts½ �j~ij , t 2 Nts, N + 1ð Þts½ � ð76Þ

with the sign of i during this interval being determined
by triggering the proper combination of MOSFETs.

Using the above equations and again resorting to the
geometry of the triangular waveform, we next find the
average value of ~i2. Suppressing the details, we simply
note that it can be expressed as

avg 0, ts½ �~i
2 =

2

3

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
V 2

S � v sgn ~i
	 


+ V0

	 
2

fsLVS

s
avg 0, ts½ �j~ij
n o3

2 ð77Þ

which can be conservatively approximated as

avg 0, ts½ �~i
2 =

2

3

ffiffiffiffiffiffi
VS

fsL

s
avg½0, ts�j~ij
n o3

2 ð78Þ

Now, the conductive losses incurred in one switching
cycle may be expressed as

mc = avg 0, ts½ � V0j~ij+ R0
~i

2
n o

ð79Þ

= V0 avg 0, ts½ �j~ij+ R0

2

3

ffiffiffiffiffiffi
VS

fsL

s
avg 0, ts½ �j~ij
n o3

2 ð80Þ

thus, in light of equation (76)

mc ið Þ= V0jij+ R0

2

3

ffiffiffiffiffiffi
VS

fsL

s
jij

3
2 ð81Þ

We can add more detail to this loss model by also
including gating and transition losses, denoted mg and
mt. Gating losses constitute a certain amount of energy
Ug expended every time the MOSFETs are switched
on. As such, the average power dissipated in gating is

mg = Ugfs ð82Þ

Transition losses constitute dissipation as the
MOSFETs transition from being on to off. Assuming a
linear load line for the voltage–current relationship for
the switches, we have that the energy dissipated for a
single MOSFET during a transition is approximately

VSj~i(Dts)jtt, where tt is the transition time. We may
find j~i(Dts)j in terms of avg½0, ts�j~ij as

j~i Dtsð Þj=

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
V 2

S � v sgn ~i
	 


+ V0

	 
2

fsLVS

avg 0, ts½ �j~ij

s
ð83Þ

which may be conservatively approximated by

j~i Dtsð Þj=
ffiffiffiffiffiffi
VS

fsL

s
avg 0, ts½ �j~ij
n o1

2 ð84Þ

Thus, the total transition loss (for both MOSFETs) can
be approximated as

mt ið Þ= 2

ffiffiffiffiffiffi
VS

fsL

s
VSttjij

1
2 ð85Þ

Adding mg and mt to equation (81), we arrive at

m ið Þ= Ugfs + 2

ffiffiffiffiffiffi
VS

fsL

s
VSttjij

1
2 + V0jij+ R0

2

3

ffiffiffiffiffiffi
VS

fsL

s
jij

3
2 ð86Þ

It thus follows that the total loss model for a multi-
transducer system is just the summation of mk(ik),
k = 1 . . . np, with each found as above.

Note that many conservative approximations were
made, by which we arrived at this model. If the bound-
ing approximations (77) ! (78) and (83) ! (84) were
not made, then m would depend on v as well as i.
Additionally, if we did not introduce the conservative
substitutions (69) and (70), the mathematics would
have been considerably more elaborate. However, these
more accurate models would complicate the ensuing
analysis, and we will therefore retain the conservatism.

Operational constraints on voltage and current

In the development above, assumptions were made
regarding the magnitudes of i and v, which are neces-
sary for discontinuous conduction to be possible. First,
it must be the case that

jvj\VS ð87Þ

in order for the drive to operate properly. If this condi-
tion is violated, two-way power conversion ceases to be
possible, because the MOSFETs will not be forward
biased when gated. In this article, we address constraint
(87) explicitly by suppressing v as a competing objective
to the energy harvesting objective, such that (87) holds
most of the time. This can be done by including v in the
performance vector z and enforcing the condition

Ev2< VS=dð Þ2 ð88Þ

that is, we require that the stationary probability distri-
bution for v be such that it contains at least d standard
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deviations in the range jvj\VS . For d sufficiently large,
this ensures that most of the time, the transducer vol-
tages are below the bus voltage. In general, a d value at
or above 2 should be used.

Additionally, in order for the system to be in discon-
tinuous conduction, E\1 is necessary. This implies that
the value of i is restricted as well. From equations (73)
and (75), and again assuming equation (76) we have
that

E2 =
4VSfsL

V 2
S � v sgn ið Þ+ V0ð Þ2

jij ð89Þ

from which we conclude that i is restricted to

jij\V 2
S � v sgn ið Þ+ V0ð Þ2

4VSfsL
ð90Þ

If this condition is violated, electronics must be oper-
ated in continuous conduction in order to realize cur-
rent i. This does not present any problems, except that
the loss model we have derived is different from that of
the continuous conduction case.

In addition to the above constraint, another limita-
tion on i arises from the assumptions DtsR0=L
 1 and
(E � D)tsR0=L
 1, which are what justify the triangu-
lar discontinuous conduction waveform in Figure 4.
Using equations (75) and (73), we have that these con-
straints are, respectively

R0

ffiffiffiffiffiffiffiffiffiffiffi
i

LfsVS

s ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
VS + v sgn ið Þ+ V0

VS � v sgn ið Þ � V0

s

 1 ð91Þ

R0

ffiffiffiffiffiffiffiffiffiffiffi
i

LfsVS

s ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
VS � v sgn ið Þ � V0

VS + v sgn ið Þ+ V0

s

 1 ð92Þ

For the examples to be considered in this article, it
was found that due to the hardware parameters used in
the example, constraints (90), (91), and (92) did not
need to be explicitly enforced for the problem, as they
were found to hold anyway at the optimal solutions.
However, if necessary they could be approximately
enforced in a similar (albeit more complicated) reason-
ing leading to equation (88).

Extension of OP2 to accommodate nonquadratic
loss models

We now propose a technique for expanding the theory
of section ‘‘Optimal control with resistive transmission
loss model’’ to accommodate nonquadratic loss func-
tions. Although the algorithm proposed in this section
could be applied to a broad class of loss models, to sim-
plify the analysis we will presume m(i) may be broken
down into a component-wise summation of loss func-
tions for each current ik , separately, as in the case of the

loss model derived above for the discontinuously con-
ducting active drive, that is

m ið Þ=
Xnp

k = 1

mk ikð Þ ð93Þ

To begin, we presume that the electronics are still
controlled to effect a linear closed-loop system, that is,
we presume the feedback controller is still a linear feed-
back law K(s) : v! i. It is important to emphasize that
this assumption is imposed in order to make the analy-
sis and optimization tractable. In general, depending
on the loss model, there may be nonlinear controllers
that outperform the best linear controller. However,
such issues are beyond the scope of this article.

If the dynamics of the closed-loop system are linear,
then the response distribution for the composite system
state x is Gaussian. Consequently, the distributions for
each of the currents ik is Gaussian, with zero mean and
variance �sik = Ei2k . Then, we may evaluate the average
loss for transducer k as

Emk =
1ffiffiffiffiffiffiffiffiffiffiffi

2p�sik

p
ð‘
�‘

e�i2
k
=2�sik mk ikð Þdik ð94Þ

For example, for the loss model derived in the last
section for an active drive in discontinuous conduction,
we have that

Emk = Ugfs + 2 VSttG
3
4

	 
 ffiffiffiffiffiffiffiffiffiffiffiffiffi
21=2VS

pLfs

s !
�s

1
4

ik + V0

ffiffiffiffi
2

p

r !
�s

1=2
ik

+
2

3
R0G 7

4

	 
 ffiffiffiffiffiffiffiffiffiffiffiffiffi
23=2VS

pfsL

s !
�s

3
4

ik ð95Þ

where G(z) ¼D
R ‘

0
qz�1e�qdq is the standard gamma

function.
Now, we make an important observation. If Emk is

semiconcave, that is, if

∂2Emk

∂�s2
ik

<0, 8�sik.0 ð96Þ

then it follows that Emk can be conservatively approxi-
mated (i.e. overbounded) by its first-order Taylor
expansion about any positive variance �sik =�s0

ik , that is,

Emk<m0
k + R0

k�sik ð97Þ

where

R0
k =

∂Emk

∂�sik


�sik =�s0

ik

ð98Þ

m0
k = Emk j�sik =�s0

ik
� R0

k�s
0
ik ð99Þ
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with the equality holding (as well as the slope) where
�sik =�s0

ik . For example, the loss model derived in the last
section is semiconcave, due to the fact that all terms in
equation (95) involve �sc

ik for c<1.
So for semiconcave loss models, we may conserva-

tively over-bound them by a summation of a static (i.e.
current-independent) loss model and a quadratic (i.e.
resistive) loss model. While it is certainly not the case
that all loss models for all power conversion systems
have the semiconcave property, it does appear to hold
for a variety of power-electronic converter operating
regimes such as the one under consideration in this arti-
cle. The property is important because it permits us,
without the introduction of any further conservatism,
to nest our previous algorithm from section ‘‘Matrix
inequality interpretation’’ to section ‘‘Convex design
problem’’ for resistive losses, inside an iterative algo-
rithm for nonquadratic losses. This algorithm, which
executes what we will call Optimization Problem 3
(OP3), can be stated as follows

OP3 :

Step 0: Take any arbitary values for �s0
ik.0,

and computeR0 via (98)

Step 1: ForR R0, findfX H, Y H, Â
H

, B̂
H

Ĉ
H

, W Hgas inOP2

Step 2: For the optimized parameters, find the
associated SH, as in (59)

Step 3: Find newvalues for the current
variances, as �sik = CikSHCik

Step 4: For the newvalues of �sik , set�s0
k  �sik,

recomputeR0 via (98), and return to step 1

8>>>>>>>>>>>>>>><
>>>>>>>>>>>>>>>:

The semiconcavity property of Emk implies that the
above algorithm, upon execution, will result in mono-
tonically increasing �Pgen for each successive iteration of
OP3. Because �Pgen also has a physical upper bound that
is independent of R (as derived in Scruggs (2009)), the
algorithm is therefore guaranteed to converge.

As in section ‘‘Convex design problem,’’ let the
convergent solution have parameters fX H, Y H,
ÂH, B̂H, ĈH, W Hg, and let the power generation at the
optimal solution be �PH

gen. Then analogous to equation
(54), this power generation is under-bounded by

�PH

gen 	 �1
2
tr BT

wQBw

� �
�
Xnp

k = 1

m0
ik � tr R0W H

� �
ð100Þ

where the expression on the right-hand side is the objec-
tive optimized by algorithm OP3, and where Q is the
solution to Riccati equation (19) with R R0. Also,
analogously to equation (60), the actual value of �PH

gen at
the optimal solution is

�PH

gen = � 1
2
tr BT

wQBw

� �
�
Xnp

k =1

m0
ik� tr R0 Ci�Fð ÞSH Ci�Fð ÞT

n o
ð101Þ

where SH is the closed-loop covariance matrix at the
optimum design and is the solution to equation (59).

Example: piezoelectric energy harvesting

The primary objective of this article thus far has been
to propose a set of tools for the optimization of feed-
back in active energy harvesting circuits. We close the
article with an example of a potential application of
these concepts to piezoelectric energy harvesting. This
example also illustrates how the more detailed loss
model we have developed in the previous sections
points toward concurrent optimal design of the feed-
back controller and the operating parameters (i.e. bus
voltage and switching frequency) of the electronics.

In this example, we consider a single-transducer
piezoelectric bimorph cantilever beam in which the fun-
damental vibratory mode dominates the system
response. In this case, the harvester state space is
xh = ½ q _q p �T , where q is the generalized mechanical
displacement of the beam, and p is the generalized
charge displacement. The differential equation has
coefficients

Ah =
0 v1 0

�v1 �2z1v1 u1

0 �u1 �1=t

2
4

3
5; Bhi =

0

0

b

2
4

3
5; Bha =

0

h1

0

2
4

3
5

ð102Þ

In this example, we will take z = v, that is, our objective
will be to maximize �Pgen subject to a constraint on the
variance of the transducer voltage. (Recall that this con-
straint is motivated by the need to control the transdu-
cer current.) Thus, we have C = BT

i and D = 0.
Specifically, we presume the data of this problem to

be the same as that used in prior, similar studies, and
ultimately derived from the parameters identified by
Sodano et al. (2004). These are v1 = 241rad=s,
z1 = 0:01, u1 = 65:8 s�1, h1 = 0:092

ffiffiffiffiffiffi
kg
p

, t = 2 s, and
b = 1770

ffiffiffiffiffiffiffiffi
O=s

p
.

For the disturbance, we presume the noise filter to
be second-order filtered noise, characterized by the data

Aa =
0 va

�va �2zava

� �
; Ba = CT

a =
0

(4zavas2
a)

1=4

� �
ð103Þ

This produces a stochastic process with an RMS value
of sa, and with spectrum centered at the frequency va

with a quality factor governed by za. Specifically, we
presume that va = 249 rad=s, za = 0:2, and for various
values of sa.

For the loss model, we assume the parameters listed
in Table 1 and justify them as follows. We assume that
the diodes are standard silicon, with each modeled as
possessing a current-independent conduction voltage of
0.7 V. We assume the MOSFETs have a drain–source
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impedance that is resistive, with a value of 45mO when
gated with gate-source voltage of 1.5 V. For the induc-
tor, we take its inductance to be L = 10 mH, which is
rather small but not atypical for a discontinuously con-
ducting H-bridge. We assume the inductor has an effec-
tive series resistance of 50mO. Thus, the total
conductive loss parameters for the H-bridge are taken
to be V0 = 230:7 = 1:4V and R0 = 2345 + 50 = 140mO.
We take the MOSFET transition time to be 40 ns. For
the gating energy, we assume that the MOSFETs have
a gate capacitance of 10 nC, resulting in an idealized
gating energy of 1

2
310 nC3(1:5V)2 = 7:5 nJ each. To

account for nonlinear electrical phenomena (i.e. Miller
effects), we multiply this energy by a factor of 2, to
obtain an effective gating energy of 15 nJ each. As each
switching cycle gates two MOSFETs, we arrive at a
total gating energy of Ug = 30nJ.

We will not specify VS and fs, but instead will vary
these two quantities to see how �Pgen depends on them.

As competing constraints impinging on control
design, we first use the pole placement constraint to
ensure that the dynamics of the closed-loop system are
at frequencies at least a decade below the switching fre-
quency. Consequently, we set

v0 = 2p
10

fs ð104Þ

For the time being, we will not enforce any constraint
on the closed-loop damping, that is, z0 = 0. We must also
impose a constraint such that voltage bound, as in equa-
tion (88). In this example, we will uniformly set d = 2.
This will be the only competing dynamic objective for
the example, so we have that z = v and g = V 2

S =4.
We first illustrate the way the value of �PH

gen, evalu-
ated with the optimized controller parameters, varies
with VS and fs. This is illustrated in Figure 5 for sa val-
ues of 0.2, 0.5, and 1 g. Note that in all three cases,
there is an optimum, finite switching frequency, and
bus voltage. If the bus voltage is too small, it hampers
the controller by requiring the transducer voltage to be
suppressed, per the voltage constraint (88). Meanwhile,
if the bus voltage is too large, transition losses and aver-
age i2R losses in m increase, per equation (95). Similarly
for fs, if it is too small, this hampers performance in
multiple ways. It restricts the pole placement constraint
(104) and also increases transition and resistive losses
by increasing current ripple amplitudes. Meanwhile, if
fs is too large, the gating losses become prohibitive.

To better illustrate the optimal combinations of
ffs, VSg, and their dependency on sa, Figure 6 shows
this dependency explicitly. As shown, VS appears to
increase in a manner that is approximately quadratic
with sa. Meanwhile, fs increases in a manner that is
almost linear, except near sa = 0:7 g, where the slope
changes. Note that at sa = 0:2, the optimal fs is very low,
at 432 Hz (i.e. at approximately 10va=2p). The optimal
value of fs can never be below this value, because the dis-
turbance model is uncontrollable, and thus, it is impossi-
ble to place the closed-loop poles of the disturbance
model. This implies that v0.va is always required, for
the problem as stated in this article.

Now, we modify our example by setting z0 to a
value greater than zero. For z0 sufficiently large, this
will force the controller optimization to sacrifice
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Figure 5. Surface plots for �PH

gen as a function of fVS, fsg, for
sa = 1 g (top), sa = 0:5 g (middle), and sa = 0:2 g (bottom).

Table 1. H-bridge electronic parameters for example.

Variable Value

R0 140 mO
V0 1:4 V
ts 40 ns
Ug 30 nJ
L 10 mH
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performance (i.e. �Pgen) in order to enhance the damping
of the closed-loop system. As such, as z0 is increased, it
is possible to illustrate the trade-off that must be struck
between the energy harvesting objective and competing
structural control (i.e. damping) objectives.

The plots in Figure 7 illustrate this trade-off for sa

values of 0.2, 0.5, and 1 g. In each case, the optimal
ffs, VSg values for z0 = 0 were used. Each plot shows
both the actual value of �PH

gen, and the conservative
lower bound as in equation (100). Recall that the lower
bound on �Pgen is actually the quantity that is maxi-
mized, subject to the damping constraint. As such, it is
not surprising that in all cases, this quantity decreases
monotonically as z0 is increased, dropping sharply for
z0 values above about 0.03. It is also not surprising that
the actual value of �PH

gen is slightly above this bound.
However, it is not necessarily the case that the actual
�PH

gen value decreases monotonically as the damping con-
straint is tightened, because it is not this actual value
that is optimized for a given z0 but rather only its lower
bound. The domain of z0 values for each plot constitu-
tes the range of values for which all the constraints of
the problem have a feasible solution. In other words,
for z0 values in excess of that of the maximum data
point for each plot, the optimization problem becomes
infeasible. In such cases, it is impossible to provide the
desired level of damping (irrespective of the suboptim-
ality of �Pgen) while also keeping voltage magnitudes

sufficiently low and keeping the eigenvalues at moduli
below v0. As such, these plots illustrate that for given
hardware parameters and given VS and fs, it is possible
to find the maximum structural damping that can be
provided with this configuration.

Conclusion

This article has illustrated that through the use of LMI
techniques, feedback controllers for active stochastic
energy harvesting can be designed, which maximize
average power generation, subject to other closed-loop
requirements. These requirements may arise due to
operating conditions, which must be sustained for the
electronics to be controlled. They may also arise due to
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gen (solid) and its optimized lower bound
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the dual functionality of a transduction system for both
energy harvesting and structural control. The analysis
leading to Figure 7 illustrates a central feature of the
feedback optimization approach to energy harvesting
illustrated in this article. It can be used to explicitly bal-
ance energy harvesting against structural control objec-
tives, in the context of broadband stochastic vibrations.
In our analysis, these structural control objectives man-
ifest themselves as a constraint on the damping of the
closed-loop system. However, as illustrated in Scherer
et al., (1997), many other types of control objectives,
including H2 and H‘ performance objectives, peak-to-
peak gain bounds, overshoot bounds, tracking objec-
tives, and robustness objectives can be addressed in
very much the same manner.

Additionally, this article has illustrated that the opti-
mal active control theory proposed in prior work,
which assumed quadratic (i.e. resistive) transmission
loss models, can be extended to accommodate more
realistic but nonquadratic loss models, such as those
that manifest themselves in active drive circuits. With
more realistic loss models, it becomes clearer how vari-
ous parameters reflecting the operation of the active
electronics (such as bus voltages and switching frequen-
cies) affect the optimal feedback law, as well as the
optimal performance achieved. These more detailed
models also allow us to determine the sensitivity of
power generation (and control design) to various hard-
ware parameters in the electronics, such as gating ener-
gies, switch transition times, diode conduction voltages,
and resistances.

Although we have illustrated these concepts in the
context of discontinuously conducting active H-bridge
drives, similar loss models and resultant analyses might
be conducted for other linearly controlled active har-
vesting circuits. However, the convergence of the algo-
rithm outlined in problem OP3 is only guaranteed if the
loss model has the semiconcave property, and this prop-
erty may not hold for all systems.

In many applications, the power scale is low enough
that the use of an active drive such as the one consid-
ered here cannot be justified, when compared against
performance with passive circuits, or low-frequency-
switched approaches such as SSHI circuits. However, it
is anticipated that by solving feedback optimizations
for the linear case, techniques may be developed, which
extend these methods to other, nonlinearly constrained
harvesting circuits. Extensions along these lines have
recently been proposed by the authors (Scruggs and
Cassidy, 2010), for the case of single-directional conver-
ters such as that in Figure 2(b), with controllable duty
cycle.

One interesting open problem that is left unanswered
by the present analysis concerns the development of
techniques for simultaneous energy harvesting and sys-
tem stabilization. Indeed, the theory that has been pro-
posed here breaks down when the harvester is not

passive, which rules out open-loop unstable harvesters.
This also excludes all stable harvesters with driving
point impedances that contain internal energy sources,
such as harvesters with parametric excitations. In such
cases, competing response objectives in the control
design would be necessary, because otherwise the opti-
mal controller would be destabilizing.
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