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a b s t r a c t

This paper concerns the design of feedback control systems to maximize power generation of a wave energy

converter (WEC) in a random sea. In the literature on WEC control, most of the proposed feedback controllers

fall into three categories. Many are static; i.e., they extract power by imposing an equivalent damping or

resistive load on the power take-off (PTO) devices. Others are dynamic and are designed to maximize power

generation at all frequencies, which results in an anticausal feedback law. Other dynamic control design

methods are causal, and are tuned to achieve the anticausal performance at only a single frequency. By

contrast, this paper illustrates that the determination of the true optimal causal dynamic controller for a WEC

can be found as the solution to a nonstandard linear quadratic Gaussian (LQG) optimal control problem. The

theory assumes that the control system must make power generation decisions based only on present and

past measurements of the generator voltages and/or velocities. It is shown that unlike optimal anticausal

control, optimal causal control requires knowledge of the stationary spectral characteristics of the random

sea state. Additionally, it is shown that the efficiency of the generator factors into the feedback synthesis.

The theory is illustrated on a linear dynamical model for a buoy-type WEC with significant resonant modes

in surge and pitch, and equipped with three spatially-distributed generators.
c© 2013 Elsevier Ltd. All rights reserved.
1. Introduction

It is well-known that a substantial amount of energy exists in

ocean waves, and the development of WEC systems clearly has an im-

portant role to play in the emergence of renewable energy technolo-

gies [1–4]. WECs built around the concept of an oscillating floating

body, with an embedded PTO mechanism, arguably provide the most

versatile and deployable approach to harvesting the resource. How-

ever, the complex dynamic coupling with the waves and the water,

and the oscillatory nature of the available power, require the design

of feedback control algorithms to optimize power generation. Opti-

mization of WEC control systems constitutes a mathematical problem

with certain well-known but challenging subtleties.

Typically, controllers for these WECs presume harmonic waves,

and are designed according to the same network-theoretic

impedance-matching principles used in the design and operation

of antenna arrays and waveguides [5–7]. However, true sea states

are stochastic, with power spectra usually characterized by Pierson–

Moskowitz or JONSWAP spectra, which do not exhibit a particu-

larly high quality factor [8]. For such cases, controllers derived via

impedance matching theory must impose a feedback law which is

the Hermitian adjoint (i.e., complex-conjugate transpose) of the hy-

drodynamic impedance matrix for the WEC, at all frequencies. (For
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this reason, it is sometimes called “complex conjugate control,” as in

[9,10].) Such controllers are always anticausal, and thus require some

anticipatory technique in which present decisions are made with fu-

ture wave information. This can be accomplished, for example, with

the use of deployable wave elevation sensors. It can also be approxi-

mately implemented through the use of wave forecasting, using the

dynamic response of the WEC and/or the surrounding water elevation

to anticipate future wave excitation [11].

However, in many applications there may be considerable advan-

tage to the use of feedback controllers that do not explicitly require

future waves to be known (i.e., causal controllers), and which make

power generation decisions based only on easy-to-measure feedback

signals such as the generator velocities or their voltages. Although it

is not yet a well-known fact in literature on WEC control, the causal

controller that maximizes power generation from stochastic waves

may be found as the solution to a nonstandard LQG optimal control

problem. In this article, we investigate the design of such controllers,

and examine their behavior and performance in relation to that of

anticausal controllers.

Many prior studies have focused on optimality of feedback control

systems for WECs, with the great majority of these studies focused on

latching control [12], in which the power take-off system is alternately

clamped and unclamped. Hoskin and Nichols formulated this as an

optimal control problem, with the latching alternations modeled as

an on/off control input, and used Pontryagin’s maximum principle to

solve for optimal trajectories for the control inputs [13]. Numerous

http://dx.doi.org/10.1016/j.apor.2013.03.004
http://www.sciencedirect.com/science/journal/01411187
http://www.elsevier.com/locate/apor
http://crossmark.dyndns.org/dialog/?doi=10.1016/j.apor.2013.03.004&domain=pdf
mailto:jscruggs@umich.edu
http://dx.doi.org/10.1016/j.apor.2013.03.004
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Fig. 1. General diagram for a three-tethered buoy.
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ubsequent investigations have extended this concept for latching

ontrol [14–17]. Additionally, tandem application of latching systems

nd active power flow control systems has also been investigated

ithin this paradigm [18], as well as in the closely-related literature

n model-predictive control (MPC) of WEC systems [19,20].

The present study is distinct from the aforementioned ones, in

hat it assumes the ocean wave excitation to be a stochastic distur-

ance which cannot be known ahead of time, and solves for the op-

imal causal feedback law under this information constraint. Beyond

ausality, the system is assumed to be unconstrained in the control

nputs it can apply. Due to the fact that the optimal causal controller

s within the LQG paradigm, it exhibits certainty-equivalence, and

herefore may be broken into an observer subsystem and a state-

eedback subsystem. The observer subsystem is a Kalman–Bucy filter

hat estimates the full dynamic state of the WEC system, as well as

tates used to model the dynamics of the surrounding fluid. The state-

eedback controller then makes power generation decisions on these

stimates. Because the optimal controller estimates the dynamic be-

avior of the waves, it requires knowledge of the stationary power

pectrum for the sea state.

Although concepts discussed in this paper are applicable to a broad

lass of systems, they are illustrated in the context of the WEC in Fig.

, comprised of a rigid buoy tied to three tethers attached through

pools to generators at the sea floor. This “tripod” configuration is sim-

lar to the buoy analyzed by Srokosz [21]. A WEC prototype with many

imilar features is currently under development by Resolute Marine

nergy, Inc. [22]. Note that although this WEC consists of only one

igid body, it has three generators, which may all be controlled inde-

endently, and due to the system geometry, it is capable of extracting

ower from surge, heave, and pitch motions simultaneously. As such,

he optimization of power generation from this system constitutes a

ultivariable control problem.

This article makes a number of specific contributions, which ex-

end results from recent conference papers by the authors [23,24].

irst, for a generic, multi-generator WEC system with linear dynam-

cs, we make and clarify the connections between optimal anticausal,

ptimal causal, and optimal static (i.e., damping) controllers for WECs.

o accomplish this, the infinite-dimensional dynamics of a WEC must

e approximated by a finite-dimensional state space. Next, in the con-

ext of the example WEC, we examine its stationary power flow (both

eal and reactive) with the static, anticausal, and causal optimal con-

rol designs. Several salient features of, and contrasts between, these

ontrollers are illustrated via an analysis of the spectral characteristics

f the optimized power flow. Finally, we conclude with a discussion

egarding the sensitivity of optimal causal controllers to uncertainty

n the spectrum and propagatory direction of the sea state.
1.1. Notational conventions

The notation in the article mostly follows standard conventions

in system analysis. We denote j = √−1, and denote Re(·) and Im(·)
as the real and imaginary parts, respectively. For a time-domain

vector q(t), the two-sided Laplace transform (assuming it exists)

is q̂ (s) = ∫∞
−∞e−jstq(t) dt. Assuming

∫∞
−∞qT (t)q(t) dt < ∞, the Fourier

transform is then just q̂ ( jω). All frequencies ω are in rad/s. If a system

maps p(t) ∈ Rm into q(t) ∈ Rn, we say p �→ q. If the system is linear

then the input/output relationship is represented in the Laplace do-

main by a transfer matrix G (s) ∈ Cm×n, with the associated frequency

response (assuming G(s) is stable) evaluated in the complex phasor

domain as G(jω). When it does not lead to ambiguity, we refer to such

a system simply as G. When such systems are finite-dimensional,

we make use of the short-hand G ∼
[

A B

C D

]
to imply that G(s) =

D + C [sI − A]−1B. For a matrix Q ∈ Cn×m, QT, Q*, and QH are the

transpose, complex conjugate, and complex conjugate transpose, re-

spectively. For a Hermitian matrix Q = QH, the notation Q > 0 im-

plies positive-definiteness. For a square matrix Q, tr(Q) is the trace.

If ψ(Q) : Rm×n → R then the matrix derivative ∂ψ/∂ Q ∈ Rm×n is just

an element-by-element partial derivative. For linearization analysis,

we denote the value of a vector q at a linearization point by q0, and

denote deviations by δq. For stochastic analysis, E(·) denotes the ex-

pectation of a quantity. If q(t) is a stochastic response quantity, then

the time-independent notation E(q) implies that the expectation is

taken in stationarity.

2. System model

2.1. Mechanical dynamics

Fig. 1 illustrates a WEC system, consisting of a floating buoy (mod-

eled as a rigid body), which is interfaced with three rotary generators

through retractable tethers which spool around pulleys at the gen-

erator shafts. Each generator is anchored rigidly to the ocean floor,

which is assumed to have constant depth. Tension is maintained for

the equilibrium position through the use of springs, as shown. The

location of the center of mass of the rigid body, relative to the origin,

O, of inertial reference frame, is the vector r. Without loss of general-

ity, we assume O is located at the equilibrium position of the buoy’s

center of mass, such that in equilibrium, r = 0. Each retractable tether

is mounted to the buoy via an ideal pin connection which is fixed on

the buoy surface. In the figure, the vector pointing to the attachment

point for tether i, relative to its generator spool, is si.

We first model the interaction of a single tether with the buoy, and

to do this we will temporarily suppress superscripts denoting tether

number (i.e., i = 1, 2, 3). The tether attachment location on the body,

relative to the center of mass, is b. The tension in the tether is denoted

t > 0. The applied force vector of the tether, on the buoy, is f = −tes,

where es denotes the unit vector in the same direction as s.

Consider the dynamics of the rigid body for small oscillations about
equilibrium. The vector of angular displacements of the body θ =
{θx,θy,θ z} is taken to be relative to the axes as shown, and these
angles are assumed to be zero in equilibrium. The “small angle” ap-
proximation is also assumed, which allows for the order of angular
rotations to be independent, and furthermore that δb ≈ θ × b0 = B0θ ,
where

B0 =
⎡
⎣ 0 b0z −b0y

−b0z 0 b0x

b0y −b0x 0

⎤
⎦ , (1)

the subscript “0” signifies equilibrium, and δb is the change in the

vector b from b0.

The change in s from its equilibrium value s0 is δs = r + B0θ . The
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linearized change in the tether length is

δ ‖ s ‖≈ eT
s0δs, (2)

where ‖ · ‖ is the Euclidean norm. The change in f is

δ f = δ

(
− t

‖ s ‖ s

)
(3)

≈ −es0δt − t0
‖ s0 ‖

(
I − es0eT

s0

)
(r + B0θ) . (4)

It is presumed that the variations in tether tension are a linear super-

position of effects due to stiffness, viscous damping, and inertia of the

transducer shaft (which are related to ‖s‖ and its derivatives) as well

as a supplemental tension u due to the presence of an electromechan-

ical torque. As such, it is also assumed that there exist constants {k, c,

m} such that

δt = u + kδ ‖ s ‖ +c
d

dt
δ ‖ s ‖ +m

d2

dt2
δ ‖ s ‖ (5)

= u + eT
s0

(
kr + cṙ + mr̈ + B0

(
kθ + cθ̇ + mθ̈

))
. (6)

The change in tether force on the buoy, δf, can then be expressed in

terms of the dynamic states of the buoy, together with the control

input u, as

δ f = −es0u − t0
‖s0‖

[
I − es0eT

s0

]
[r + B0θ]

−es0eT
s0

(
kr + cṙ + mr̈ + B0(kθ + cθ̇ + mθ̈)

)
.

(7)

The change in the moment h imparted on the rigid body, taken about

the center of mass, is

δh = δ (b× f) ≈ b0 × δ f − f 0 × δb. (8)

Defining S0 similarly to B0 and substituting in the expression for δf

results in

δh = t0
‖s0‖ B0

[
I − es0eT

s0

]
(r + B0θ) + B0es0u − t0

‖s0‖ S0 B0θ

+B0es0eT
s0

(
kr + cṙ + mr̈ + B0(kθ + cθ̇ + mθ̈)

)
.

(9)

δf and δh can be conveniently represented as[
δ f

δh

]
= G tu − K t

[
r

θ

]
− C t

[
ṙ

θ̇

]
− Mt

[
r̈

θ̈

]
, (10)

where, using the fact that B0 = −BT
0 ,

G t = −
[

I

BT
0

]
es0 (11)

Mt = mG tG
T
t (12)

C t = cG tG
T
t (13)

K t = (k − γ0) G tG
T
t + γ0

[
I

BT
0

] [
I B0

]+
[

0 0

0 γ0 S0 B0

]
, (14)

and where γ0 = t0/ ‖ s0 ‖.

Now, consider a buoy with N such tethers. (I.e., for the example at

hand, N = 3.) The total dynamic component of the force and moment

on the buoy is[
δ f

δh

]
=
[

δ f w

δhw

]
+
[

δ f 1 + · · · + δ f N

δh1 + · · · + δhN

]
(15)

=
[

δ fw

δhw

]
− K̃ t

[
r

θ

]
− C̃ t

[
ṙ

θ̇

]
− M̃t

[
r̈

θ̈

]
− L T u, (16)

where fw and hw are the dynamic force and moment (respec-

tively) due to fluid–structure interaction, u = [u1 . . . uN ]
T

, L =
−[G 1

t . . . G N
t ]

T
, and K̃ t = ∑N

i=1 K i
t , with C̃ t and M̃t defined similarly.
It can be shown that because bi
0 and si

0 constitute equilibrium posi-

tions
∑N

i=1γ i
0 Si

0 Bi
0 = 0. As such, the γ i

0 Si
0 Bi

0 terms in each K i
t vanish

in the summation.

Regarding the wave forces and moments, they are presumed to be

of the form[
δ fw

δhw

]
=
[

δ fa

δha

]
+
[

δ fb

δhb

]
+
[

δ f c

δhc

]
, (17)

where {δ fa, δha} are the force and moment imparted on the buoy

by the wave, {δ fb, δhb} are the force and moment due to buoyancy,

and {δ f c, δhc} are the hydrodynamic (i.e., added mass and damping)

forces.

Let the Fourier transforms of {δ fa, δha} be denoted δ f̂a( jω) and

δĥa( jω). Then for the assumption of small deformations and linear

wave theory, there is a 6 × 1 transfer function matrix F a( jω) relating

the wave amplitude a to these forces and moments, i.e.,⎡
⎣ δ f̂a ( jω)

δĥa ( jω)

⎤
⎦ = F a ( jω) â ( jω) . (18)

Determining Fa(jω) involves solving a frequency-dependent series

solution to the partial differential equation for a fluid–structure in-

teraction problem, which can be appropriately truncated to ensure a

sufficiently high level of accuracy [25]. For reference, we provide the

solution to Fa(jω) for an upright cylindrical buoy in Appendix A.

As is well known, the function Fa(jω) derived above is noncausal,

because the wave amplitude and buoy response are both manifesta-

tions of a propagatory pressure, and the buoy response anticipates

the arrival of the wave. In our analysis, the noncausality of Fa will be

problematic, because it will prohibit us from approximating Fa by a

finite-dimensional (causal) state space. Here, we rectify this by defin-

ing a as the wave amplitude at a distance of 5 m in front of the buoy,

along the propagatory direction. This use of spatial delay is the same

technique used by Falnes [26] to create causal approximations of Fa,

and was later used by Damaren [27] as an intermediate step in the

finite-dimensional approximation of Fa. As pointed out by both the

above researchers, the delayed version of Fa is still noncausal. How-

ever, as Damaren also observed, it was found here that this approach

led to very close approximation of Fa by a causal system.

For small deformations, the changes in buoyancy force δfb and

moment δhb (relative to equilibrium) are linearly related to the dis-

placements r and θ via a buoyancy stiffness matrix Kb, i.e.,[
δ fb

δhb

]
= −Kb

[
r

θ

]
. (19)

Kb is determined by linearizing the buoyancy stiffness forces about

the static equilibrium position.

Let the Fourier transforms of {δ f c, δhc} be denoted δ f̂ c and δĥc .

Then for small deformations, these hydrodynamic forces are charac-

terized by added-mass and added-damping relations, i.e.,⎡
⎣ δ f̂ c

δĥc

⎤
⎦ = − [ jωMc (ω) + C c (ω)]

⎡
⎣ ˆ̇r

ˆ̇
θ

⎤
⎦ , (20)

where Mc(ω) and Cc(ω) are the added mass and damping matrices

respectively, and are also solvable via frequency-dependent series

solutions to associated PDEs. As with Fa(jω), see Appendix A for the

solutions to Mc(ω) and Cc(ω) for an upright cylindrical buoy, such as

the one to be considered in the example later in the paper.

With the buoy forces found, the equation of motion is[
μI 0

0 J

] [
r̈

θ̈

]
=
[

δ f

δh

]
, (21)

where μ is the mass of the buoy and J is the rotational inertia matrix.

Putting everything in the frequency domain and recognizing that r̂=
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jω)
−1 ˆ̇r and ˆ̈r= jω ˆ̇r (and similarly for θ̂ and

ˆ̈
θ), the equating (21) to

16) gives

ˆ̇r

ˆ̇
θ

⎤
⎦ = W−1 ( jω)

(
F a ( jω) â −L T û

)
. (22)

here

W( jω) = jω

([
μI 0

0 J

]
+ Mc(ω) + M̃t

)

+ (C c(ω) + C̃ t

)+ 1

jω
(Kb + K̃ t).

(23)

.2. Power conversion model

Let the tether extension velocity vector be

=
[

d

dt
‖ s1 ‖ · · · d

dt
‖ sN ‖

]T

. (24)

y reciprocity, we also have that for small deformations, these exten-

ion velocities are related to the buoy states by

= L

[
ṙ

θ̇

]
. (25)

We assume that the generators are three-phase permanent-

agnet synchronous machines, each interfaced with a centralized DC

ower bus via a four-quadrant regenerative power-electronic drive.

or this assumption, it is reasonable to assume that the three-phases

re controlled such that the direct stator field (i.e., the component

f the stator field parallel with the rotor field) is maintained at zero,

hile the quadrature field (i.e., the component of the stator field or-

hogonal to the rotor field) is explicitly controlled to regulate power

onversion. This type of control maximizes the efficiency of the gen-

rators. It also simplifies the theoretical modeling of the generators,

s it implies that there are effectively scalar quantities for internal

oltage vi (i.e., the back-EMF) and corresponding current ii for each

enerator i, which are of relevance to the system model. These are

alled the “quadrature components” of the three-phase voltage and

urrent vectors.

We refer the reader to [28] for more detail on quadrature con-

rol of permanent-magnet machines. For the present paper, it suf-

ces merely to state its implications for the system model. Assuming

he generators to exhibit idealized linear behavior and minimal core

osses, it results in linearity between extension velocity zi and quadra-

ure voltage vi, for each generator i, i.e.,

= Kez = KeL

[
ṙ

θ̇

]
, (26)

here we assume all generators to be identical, therefore possessing

uniform Ke value. By reciprocity, an equivalent linear relationship

olds between the quadrature generator current vector i, and the

esultant tether force vector u, i.e.,

= −
(

1

Ke

)
u. (27)

ultiplying (22) through by the inverse of W and multiplying by L

ives the transfer functions from {a,i} to v as

ˆ= G a ( jω) â +G i ( jω) î, (28)

here

G a ( jω) = KeLW−1 ( jω) F a ( jω) , (29)

G i ( jω) = K 2
e LW−1 ( jω) L T . (30)
The electrical losses in the conversion process are assumed to be

dominated by conductive dissipation. In reality, this dissipation is re-

lated to the current vector i (and possibly the voltage vector v) through

a complex nonlinear relationship that involves many parameters of

the electronic hardware (such as transistor and diode voltage drops,

transition times, and gating energy), as well as operational parame-

ters of the electronic drive, such as the DC bus voltage and switching

frequency. However, for the purpose of mathematical tractability, we

approximate the current-dependent losses as being resistive; i.e.,

Ploss = iT Ri, (31)

where R is positive definite and diagonal. Each term on the diagonal

of R includes the stator coil resistance of the generator, together with

an approximate transmission resistance for the drive.

It should be noted that the theory to be discussed here can be

extended to accommodate more realistic electronic loss models. (See

[29,30] for examples of this, as applied to smaller-scale vibratory en-

ergy harvesting problems.) However, these more realistic loss models

do complicate the analysis, and are therefore not pursued here.

2.3. Sea state characterization

We assume a to be a stationary stochastic process with spectral

density Sa(ω), and with the normalization convention that the vari-

ance of a is

σ2
a = 1

2π

∫ ∞

−∞
Sa (ω) dω, (32)

where the frequency ω is in rad/s. We assume Sa(ω) is the standard

JONSWAP power spectrum [8]. To review, this implies that Sa(ω) is

parametrized by its mean wave period T1, significant wave height

H1/3, and sharpness factor γ , as

Sa (ω) = 310π
H 2

1/3

T 4
1 ω5

exp

[
−944

T 4
1 ω4

]
γ Y , (33)

where

Y = exp

[
−
(

0.191ωT1 − 1√
2φ

)2
]

(34)

and

φ =
{

0.07 : ωT1 ≤ 5.24

0.09 : ωT1 > 5.24
(35)

The sharpness factor γ is constrained to be between 1 and 3.3, γ = 1

describing a fully developed sea.

2.4. General modeling assumptions

Although in this section we have developed a model for a specific

type of WEC, it is important to note that the techniques discussed in

the following sections apply more broadly, to general WEC models

for which linear transfer matrices Ga(jω) and Gi(jω) can be found, and

a resistance matrix R is assumed. However, several mild assumptions

do have to be made:

• Ga(jω) and Gi(jω) must be strictly proper, i.e.,

lim
ω→∞ ‖ G a ( jω) ‖ = 0, lim

ω→∞ ‖ G i ( jω) ‖ = 0 (36)

In the case of Ga(jω) this assumption is clearly justified, as it

implies that the WEC has nonzero inertia. In the case of Gi(jω),

this assumption is also justified, because if it is not true for the

originally-derived model, an equivalent model can be found for

which, through re-formulation of R, the assumption is recovered.

• The wave elevation a(t) must be chosen to be at a location such

that Ga(jω) may be accurately approximated by a causal transfer

function.
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• Finally, for Gi(jω), we can assume without loss of generality that

Gi(jω) is positive-real; i.e.,

G i ( jω) + G T
i (− jω) ≥ 0, ω ∈ [−∞, ∞] (37)

where the above inequality implies positive-semidefiniteness.

This assumption holds on physical grounds, as it is equivalent

to asserting that the WEC system is stable, and contains no non-

conservative internal energy sources that influence its dynamics

[31]. In Section 4.1, in which Gi(jω) is approximated as a finite-

dimensional state-space, this positive-real assumption must be

strengthened to be “weakly-strict” [32]. In [33], it is shown that

this stronger assumption is necessary in energy harvesting appli-

cations.

3. Optimal anticausal power generation

With the system model defined for the WEC buoy and a charac-

terization for the stochastic ocean wave environment, the optimum

power generation can be determined through classical impedance

matching. It is assumed that the power electronics are controlled by

a linear controller Y, which establishes an effective admittance be-

tween v and i; i.e.,

î (s) = −Y (s) v̂ (s) , (38)

The objective is to maximize the average (i.e., expected) total power

generation, equal to the power extracted minus the losses; i.e.,

P gen = E
[−vT i − iT Ri

]
(39)

= 1

2π

∫ ∞

−∞
Sp (ω) dω, (40)

and E[·] denotes the stationary expectation. Sp(ω) is the spectral den-

sity of generated power in the frequency domain, found as

Sp(ω) = G H
a [I + G i Y]

−H [Re {Y} − Y H RY
]

[I + G i Y]
−1G a Sa, (41)

where (·)H denotes the Hermitian adjoint (i.e., complex-conjugate

transpose), and Re{·} denotes the real component. The optimal anti-

causal controller in the frequency domain is found by first finding the

Y(jω) which maximizes Sp(ω) at each frequency, i.e.,

Y ( jω) = [
G T

i (− jω) + 2R
]−1

. (42)

The Laplace-domain representation of the optimal Y(s) is just the

analytic continuation of the controller above [34], i.e.,

Y (s) = [
G T

i (−s) + 2R
]−1

. (43)

In [33], it was shown that when Gi(s) and Ga(s) are finite-dimensional

and Gi(s) is weakly-strictly positive-real (WSPR), then the poles of

Y(s) are all in the open right-half plane and thus that its dynamics are

always anticausal (i.e., anticipatory). As such, the controller makes

decisions for power generation using only future behavior. Although

the corresponding infinite-dimensional case is not discussed in [33],

it is known that controllers for this case are also non-causal [35].

Note that at no point in the determination of the optimal anticausal

controller, is it necessary to know Sa(ω). Rather, information about the

sea state is only necessary to compute the optimal performance.

4. State space dynamic model

4.1. Finite dimensional approximation of WEC dynamics

In order to determine the optimal causal performance, we first

approximate the infinite-dimensional system dynamics by finite-

dimensional state spaces for Ga and Gi, of the form

G a ∼
[

Aa Ba

C a 0

]
, G i ∼

[
Ai Bi

C i 0

]
(44)
where we assume the orders of these systems are na and ni, re-

spectively. Customized techniques for accomplishing these finite-

dimensional models for wave-excited systems have been proposed

by Damaren [27,36]. However, here we accomplish the approxima-

tions using standardized subspace techniques originally proposed in

[37], for determining finite-dimensional approximations for infinite-

dimensional systems characterized by frequency response data. This

is essentially the realization theory technique discussed in [38] for

state-space modeling of WEC systems. Although this algorithm does

not give optimal estimates of a given order, it does identify the bal-

anced truncations of infinite dimensional systems in discrete-time

from frequency-domain data. For convenience, Appendix B overviews

the steps in this procedure, although no original contributions are

claimed here regarding this method, and we refer the reader to [37]

for proofs and more details. This identical procedure is followed to

obtain finite-dimensional approximations for both Gi and Ga.

Following this, the identified systems were augmented, as

[
G i G a

] ∼
⎡
⎣
[

Ai 0

0 Aa

] [
Bi

0

] [
0

Ba

]
[

C i C a

]
0 0

⎤
⎦ (45)

Following this augmentation, a balanced truncation performed to re-

move redundancy in the dynamics of the two spaces, resulting in a

standard state space for the harvesting system,

G h � [
G i G a

] ∼
[

Ah Bh Eh

C h 0 0

]
(46)

in which (Ah, Ch) is observable, and (Ah, [Bh Eh]) is controllable. The

order of the finite-dimensional approximate dynamic model above is

denoted nh, with nh ≤ na + ni.

4.2. Recovering the WSPR property for the finite-dimensional model

The original infinite-dimensional model for Gi(s) will adhere to the

passivity conditions implied by the physics of the system, implying

that it will be positive-real. However, passivity may be lost in the

finite-dimensional approximation described in Section 4.1. It is vital

that the approximate model be adjusted to recover this property,

in order for the theory presented in the next section to hold. More

specifically, the finite-dimensional model must be positive-real in the

weakly-strict sense, which is a slightly more restrictive condition.

To review, Gi(s) is positive real (PR) if (a) all its components are

analytic for Re[s] > 0, (b) all its components are real for positive real

s, and (c) G i (s) + G H
i (s) ≥ 0 for Re[s] > 0, where (·)H is the complex

conjugate transpose [31]. It is Strictly Positive Real (SPR) if Gi(s − ε)

is PR for some ε > 0 [39]. Finally, Gi(s) is WSPR, if the domain over

which PR conditions (a)–(c) hold is extended to include Re[s] = 0, and

condition (c) is strengthened to a strict inequality [32]. As implied by

the name, WSPR is more restrictive than PR, but less so than SPR.

To bring about the WSPR condition, parameters {Ah, Bh, Eh, Ch}
should be adjusted to obtain {A′

h, B′
h, E ′

h, C ′
h}. Ideally, they should be

adjusted so as to minimize the change in Gh. In other words, if Gh(s)

is the identified finite-dimensional system and G ′
h(s) is the WSPR

adjusted system, then the error between the two should be minimal

under some norm. One convenient norm is the H∞ norm; i.e.,

‖ G h − G ′
h‖∞ � sup

ω
σ
(
G h ( jω) − G ′

h ( jω)
)

(47)

where σ (·) denotes the maximum singular value.

In Appendix C, an algorithm is given, which adjusts Bh only. It

determines the B′
h which minimizes ‖ G h − G ′

h‖∞, constrained to the

requirement that G ′
h(s) be WSPR. The algorithm can be thought of

as adjusting the zeros of Gh(s) to recover the WSPR property, while

leaving the poles unchanged, and it does not modify Ga(s) at all. It is

not truly optimal, because it only adjusts B′
h but not the other state

space parameter matrices. However, it was observed to produce very

accurate WSPR models.
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Fig. 2. Example of JONSWAP spectrum with γ = 1 (solid) and the spectrum of the

fourth-order finite-dimensional approximate system (dashed).
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To ease the notation, we will henceforth always assume the finite-

imensional model has been adjusted to be WSPR, and suppress the

·)′ notation.

.3. Finite-dimensional stochastic sea state model

Next, we find a finite-dimensional noise filter

Fw ∼
[

Aw Bw

C w 0

]
(48)

uch that when excited by unit-intensity white noise, its power spec-

rum is close to the JONSWAP spectrum, i.e., Sa(ω) ≈ |Fw(jω)|2. With-

ut loss of generality, we assume {Aw, Bw, Cw} to be in controllable-

anonical form; i.e.,

Aw =
[

0(nw−1)×1 I nw−1

a1

[
a2 · · · anw

] ] Bw =
[

0(nw−1)×1

1

]
(49)

C w = [
c1 · · · cnw

]
(50)

here nw is the order of the filter. The filter parameters

a1, ..., anw, c1, ..., cw} should be such that Sa(ω) ≈ |Fw(jω)|2. Here,

e choose the parameters which minimize the mean-square error
∞
−∞(Sa(ω) − |Fw( jω)|2)

2
dω, while constraining the ak coefficients

uch that the system poles are in the open left-half plane. We also

ollow the simplified procedure advocated by Spanos [40], which sets

k = 0 for all k �= 3. It was found that an order nw = 4 was sufficient

o render close matching to JONSWAP spectra for reasonable sharp-

ess factors. Fig. 2 illustrates the true spectrum and its fourth-order

stimate for γ = 1.

.4. System augmentation

The augmented finite-dimensional system, including the WEC dy-

amics and the stochastic wave filter model is

G i G w

] ∼
[

A B E

C 0 0

]
(51)

here the augmented matrices A, B, E, and C are

A =
[

Ah EhC w

0 Aw

]
, B =

[
Bh

0

]
, E =

[
0

Bw

]
(52)

= [
C h 0

]
(53)
and the equivalent time-domain (i.e., state space) representation is

ẋ (t) = Ax (t) + Bi (t) + Ew (t) (54)

v (t) = C x (t) (55)

where w(t), the input to the noise filter, is white noise with unit

intensity. This constitutes the dynamic system model we will use for

the remainder of the paper.

5. Optimal causal power generation

5.1. Optimal power generation with full-state feedback

The objective is to find the full-state feedback law K: x → i which

maximizes P gen, or equivalently, which minimizes

−P gen = E
[
vT i + iT Ri

]
(56)

= 1

2
E
{[

x

i

]T [
0 C T

C 2R

] [
x

i

]}
. (57)

This constitutes an LQG optimal control problem, but is non-standard

because the performance functional is sign-indefinite. It is a standard

result [41] that the optimal control solution, if it exists, is

i (t) = K x (t) = − 1

2
R−1

[
BT P + C

]
x (t) , (58)

where P is the stabilizing solution to the algebraic Riccati equation

0 = AT P + P A − 1

2

[
BT P + C

]T
R−1

[
BT P + C

]
. (59)

It has been shown [33] that the solution P exists and feedback law

(58) is stabilizing, if Gi(s) is WSPR. Recall that this condition is assured

for the infinite-dimensional problem by the physics of the problem,

and is imposed on the finite-dimensional approximate model by the

procedure in Section 4.2.

With full-state feedback law (58) implemented, the expression for

the optimal causal power spectrum with full-state feedback is

Sp (ω) = −Re
[
H H

i ( jω) Hv ( jω)
]− H H

i ( jω) RH i ( jω) , (60)

where

H i ( jω) = K[ jωI − A − BK]
−1 E, (61)

Hv ( jω) = C [ jωI − A − BK]
−1 E . (62)

Furthermore, the closed-form expression for the optimal P gen can be

related to P as

P gen = − 1

2
E T P E . (63)

See [33] for a proof that for WSPR systems, (63) is always positive.

5.2. Optimal power generation with voltage feedback

In practice, the state vector x will need to be estimated from sensor

measurements, with the optimal estimates determined via a Kalman–

Bucy filter. Although power generation controllers could be developed

assuming arbitrary sensor outputs, we will here restrict our attention

to the case in which the only sensor measurements are the generator

voltages, v(t), or equivalently, the generator velocities. The running

state estimate χ(t) evolves according to

χ̇ (t) = Aχ (t) + Bi (t) + F (C χ (t) − v (t)) , (64)

where F is the observer gain. The controlled currents are then found

through the certainty-equivalence principle, as

i (t) = Kχ (t) (65)
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with K computed as before. Assuming white noise in the measure-

ment channels for v(t), with spectral intensity matrix νI, the optimal

estimates are thus obtained via the standard Kalman observer gain;

i.e.,

F = − 1

ν
SC T , (66)

where S is the solution to the matrix Riccati equation

0 = AS + SAT − 1

ν
SC T C S + E E T . (67)

The resultant optimal controller is a dynamic voltage feedback law

Y(s): v(s) → i(s) is similar to the anitcausal feedback law in (43), but

formulated differently, as

Y (s) = K[s I − A − BK − F C ]
−1 F . (68)

Note that unlike the anticausal controller, the optimal causal con-

troller depends on the wave spectrum.

The augmented closed-loop system dynamics are then described

by the augmented state space ξ(t) = [ xT (t) χ T (t) ]
T

in which the

stochastic dynamics governed by

ξ̇ (t) = Aξ (t) + E

[
w (t)

ν−1/2n(t)

]
(69)

v (t) = C ξ (t) (70)

where n(t) is the vector of sensor noises (which are each modeled as

white, uncorrelated noise with spectral intensity ν), and where

A =
[

A BK

−F C (A + F C + BK)

]
, E =

[
E 0

0 −F
√

ν

]
, (71)

C = [
C 0

]
. (72)

The causal-optimal power generation spectrum is then

Sp (ω) = −tr
{

Re
[
H H

i ( jω) Hv ( jω)
]+ H H

i ( jω) RH i ( jω)
}
, (73)

where in this case the transfer functions Hi and Hv are

H i ( jω) = K
[

jωI − A
]−1

E, (74)

Hv ( jω) = C
[

jωI − A
]−1

E . (75)

and

K = [
0 K

]
. (76)

The optimal power generated is

P gen = − 1

2
E T P E − tr

{
K SK T R

}
, (77)

It is interesting to note that in the equation above, the inability to ac-

curately measure the output voltage impedes the ability of the WEC

to generate power. In [33], the asymptotic case as ν → 0 is investi-

gated. If Ga(s) is minimum-phase, this asymptotic case converges to

the full-state performance, i.e., (63). When it is not, the asymptotic

limit in the expression above is lower, by a finite amount. However,

it can be proved that irrespective of the value of ν, or the particular

parameters of the problem, (77) is always positive.

It is also worth noting that (77) is the optimal power generation

over all causal feedback laws, linear as well as nonlinear. Of course,

this statement is predicated on our assumptions of linear dynamics,

stationary stochastic response, and resistive transmission losses. If

any of these assumptions are violated, there may be nonlinear con-

trollers that outperform the best linear controller.
5.3. Optimal power generation with static damping

As a point of comparison, we note that it is a common practice in

many energy harvesting applications, to regulate power extraction in

a manner which emulates the imposition of resistive shunts across

the generator terminals (or equivalently, viscous dampers in place

of the PTO systems). In the context of our development above, this

constitutes the imposition of a decentralized, static feedback law

i (t) = −Yv (t) (78)

where Y is the effective static admittance matrix for the generators,

which we assume to be diagonal; i.e.,

Y = diag {... , Yk , ...} (79)

The static values of Yk thus become the design parameters for the

control system. The closed-loop system has the state space

ẋ (t) = [A − BYC ] x (t) + Ew (t) , (80)

v (t) = C x (t) (81)

In stationary stochastic response, the covariance matrix S = ε[xxT ] is

computed as the solution to the Lyapunov equation

0 = [A − BYC ] S + S[A − BYC ]
T + E E T (82)

and the average power generation is

P gen = tr
{(

Y − YT RY
)

C SC T
}

(83)

The problem thus becomes the algebraic optimization (maximization)

of P gen over the domain of diagonal Y with diagonal components Yk

> 0. This optimization can be straight-forwardly accomplished via a

gradient ascent algorithm. Denoting ∂ P gen/∂Y as the matrix gradient

of P gen with respect to each component of Y, we have that this gradient

can readily be computed as

∂ P gen

∂Y
= −2BT PSC T − (I − 2RY) C SC T (84)

where P is the solution to the dual Lyapunov equation

0 = [A − BYC ]
T P + P [A − BYC ] + C T

[
YT RY − 1

2
Y − 1

2
YT

]
C (85)

The gradient of P gen with respect to each Yk term is found as the

corresponding diagonal component of (84). The determination of the

optimum Y may thus be accomplished via any of several standard

gradient-based algorithms, such as the conjugate gradient method.

The frequency spectrum of generated power, Sp(ω), is then found as

in (41), but with the static matrix Y as found above.

6. Example

We consider the cylindrical buoy in Fig. 3. The three tethers ex-

tend from points on the buoy 2.25 m above the buoy’s bottom rim

and are separated by 120◦ angles in the horizontal plane with one

tether extending along the positive x-axis. All tethers point toward

the centroid of the buoy.

Fig. 4 shows the exact (infinite-dimensional) transfer matrices

Ga(jω) and Gi(jω), along with the finite dimensional approximations.

These plots clearly show three modes of resonance. The first mode is

predominately surge motion, the second pitch, and the third heave.

To facilitate an accurate causal approximation of Ga(jω), the wave am-

plitude a is taken to be the wave amplitude 5 m ahead of the buoy in

the propagatory direction.

Throughout the example, we assume R = RI. Rather than

parametrizing results in terms of R directly, instead it will be con-

venient to refer to the short-circuit damping, Ce, of the generators,

defined as

C e = K 2
e . (86)
R
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Fig. 3. Tripod WEC design in the x−z plane. Tether 1 is in the x−z plane, and all tethers

have 120◦ rotational symmetry with each other, about the z axis. The buoy mass is μ =
5300 kg. The generator inertia, damping, and stiffness are m = 50 kg, c = 50 N-s/m, k

= 50 N/m.

Fig. 4. Frequency domain data (solid) and finite-dimensional approximations (dashed)

for (a) Ga(jω): wave amplitude to voltage at generator 1 (black), wave amplitude to

voltage at generators 2 and 3 (gray) and (b) Gi(jω): generator n current to voltage at

generator n (black), generator n current to voltage at other generators (gray).
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s a general rule of thumb, the value of Ce increases with the size,

fficiency, and quality of the machines used for transduction. It is

herefore economical to design a WEC to possess the lowest value of

e that still gives acceptable performance.

For the control design, the measurement noise ν was taken to

e equal to 10−2 V2-s. This value is very small, compared to typical

tationary power spectra for v, and thus the results presented here

an be viewed as being near the limiting case as ν → 0, corresponding

o extremely accurate feedback measurements.
6.1. Optimal power generation as a function of sea state

Fig. 5 shows optimal P gen values for anticausal, causal, and static

feedback, for three values of Ce and as a function of T1. The dark lines

in the plot are for the case in which the performance for each T1 is

optimized for that particular sea state. Fig. 6 shows corresponding

ratios of optimal P gen values for the causal and static cases, each

normalized by the anticausal case. As expected, both optimal causal

and static controllers do worse than the anticausal case, with the

distinction between the three becoming smaller as Ce is made smaller.

Contrasting the left and right columns of Fig. 5, we see the influence

the sharpness factor γ has on the available power. Energy in sea

states with higher sharpness factor is more concentrated near a single

frequency, and consequently the WEC can generate more energy from

them through exploitation of resonance.

6.2. Spectral analysis of generated power

Fig. 7 shows the anticausal and causal optimal power spectra for

the example buoy provided for various values of T1 and Ce. Note that

for large enough values of Ce corresponding to more efficient gen-

erators, the optimal causal controller injects power into the system

over a large range of frequencies, as is evident by the negativity of

Sp(ω) for this case. Meanwhile, as Ce is made lower, both the causal

and anticausal controllers are close to the static case, with all three

having very low power spectra except near the resonant frequencies.

The buoy’s two lower resonant modes, surge and pitch, were de-

signed so as to bracket frequencies corresponding to reasonable val-

ues of mean wave period T1. As can be seen in the plots, for high

values of Ce, this strategy makes it possible for the causal controller

to extract power effectively, not just at these two frequencies, but at

all frequencies in between. As such, the WEC is effective in broad-

band stochastic power generation with causal control, assuming the

spectrum of Sa(ω) is known.

Beyond the evaluation of the actual power generated by the

optimally-controlled WEC, and its associated spectrum, it is also im-

portant to examine its reactive power flow. This is comprised of the

oscillations of power in and out of each generator, which have zero

average and thus generate no net energy, and yet are necessary to

favorably influence the WEC’s dynamics to absorb more energy from

the ocean. In a broadband stochastic context considered here, we ex-

amine the effective power factor of the power generated at each fre-

quency. As with the traditional notion of power factor (for sinusoidal

oscillations), a power factor close to unity implies that a generator’s

voltage and current are approximately in phase, and that power flows

most of the time from the mechanical system into the electrical sys-

tem. A power factor close to zero implies that a generator’s voltage

and current are approximately a quarter-cycle out of phase, implying

that the majority of the power extracted by the generator is returned

to the mechanical system. A power factor close to −1 implies that a

generator’s voltage and current are in phase but with opposite sign,

implying that power flows mostly from the electrical system into the

mechanical system.

To define a stochastic power factor, we define the voltages ei for

each generator i = 1, 2, 3 as ei = vi + Riii. Note that its closed-loop

transfer function analogous to those defined in (74), is He(jω) = Hv(jω)

+ RHi(jω). Define H i
i and H i

e as the ith rows of Hi and He. We then

have that the stationary power spectra for ii and ei are just

Si
ii (ω) = H i

i (− jω)
(
H i

i ( jω)
)T

Si
ee (ω) = H i

e (− jω)
(
H i

e ( jω)
)T

(87)

and the (complex-valued) cross-spectrum between ii and ei is

Si
ei (ω) = H i

e (− jω)
(
H i

i ( jω)
)T

(88)

With these quantities defined, we can then define the stochastic
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Fig. 5. P gen(T1) for optimal anti-causal control (thick solid), optimal causal control (thick dash), and optimal static control (thick dot), optimized for each T1 (i.e., gain-scheduled).

Performance of non-gain-scheduled causal and static controllers optimized for T1 = 5 s, 7 s, and 10 s are shown as thin lines. Ce and γ values are as shown for the six plots.

Fig. 6. Ratio of optimal P gen(T1) values for causal over anticausal (solid) and static over anticausal (dashed). Generator efficiencies are Ce = 105 kg/s (top), 104 kg/s (middle), and

103 kg/s (bottom). Sea state is characterized by γ = 1 (left) and 3.3 (right).
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Fig. 7. Sp(ω) for anticausal control (dark solid), causal optimal control with ν = 1 × 10−4 (light solid, negative values dashed), and optimal static control (dotted). Values of T1 and

Ce are as indicated. For all plots, H1/3 = 1 and γ = 1.
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ower factor spectrum for generator i as

pi (ω) = −Re
{

Si
ei (ω)

}
√

Si
ee (ω) Si

ii (ω)

(89)

Fig. 8 shows these power factors for the example at hand, for

ll generators. (Generators 2 and 3 have identical controllers and re-

ponses, due to the symmetry of the problem.) Power factors are given

or the cases of anticausal control, causal control, and static control.

owever, note that the static case is trivial, because the constraints of

he problem always result in a power factor of unity for all generators

nd at all frequencies. For the anticausal case, recall from Fig. 7 that

he power generation spectrum Sp(ω) is positive at every frequency,

mplying that in total, the three generators always extract more en-

rgy than they deliver to the WEC. However, it is clear from Fig. 8

hat this is not true for each generator, taken individually. Indeed, for

arge values of Ce, we see that at the surge resonance, generator 1 has

power factor close to 1, while the other two generators have a power

actor close to −1. This implies that in this frequency band, genera-

or 1 is delivering power to the electrical system, whereas generators

and 3 are actuating the WEC. Meanwhile, at the pitch resonance,

he opposite is true. Qualitatively, similar observations can be made

bout the optimal causal case, although the two cases have distinct

ehaviors. Also, note that for both the anticausal and causal cases,

s Ce becomes larger, the power factors away from resonance tend

o gravitate toward zero, implying that if the generators are highly

fficient, there is significant benefit to the use of reactive power flow

o harvest power at non-resonant frequencies.

.3. Sensitivity to uncertainty in mean wave period

In realistic wave energy applications, the spectral content of a sea

tate will vary with time, and consequently, there is some advan-

age to the design of gain-scheduled controllers that adapt to these
changes. Indeed, an optimal causal controller which is designed for

optimal performance in one sea state can perform rather poorly in

another, and can even operate at negative efficiency (i.e., it can result

in net power loss rather than generation). The sensitivity of power

generation to T1 is also shown in Fig. 5. The light lines in the plot con-

stitute the design of a controller for anticipated T1 values of 5, 7, and

10 s, but subjected to the full range of values from T1 = 4–12 s . For

optimal causal controllers, the sensitivity of P gen is more enhanced as

Ce becomes larger. Note that for the case with C e = 105 kg/s, negative

efficiencies are clearly seen, when T1 is far from the design value. For

optimal static controllers, P gen never becomes negative irrespective of

how much T1 is varied from its design value (which is to be expected)

but performance is nonetheless significantly hampered when Ce is

large.

6.4. Sensitivity to uncertainty in propagatory direction

It is an interesting fact that for the tripod-shaped WEC under con-

sideration, if all the generators are identical (i.e., if their Ke and R

values are the same) then the optimal causal and anticausal power

generation P gen is always the same, irrespective of the rotational ori-

entation of the tripod (or, equivalently, the propagatory direction of

the wave), assuming this direction is known and designed for. This

fact arises due to symmetry, and is true even though the optimal con-

troller Y(s) that actually attains the optimal performance does vary

with the propagatory direction. As the direction changes, the three

generators participate in varying ways and to varying degrees, to

achieve the optimal power generation.

To see why this is the case, suppose the orientation of the tripod

formed by the three tethers is rotated by some angle β in the x−y

plane. Then it turns out that the dynamic characterization for the

buoy is the same, except that L must be modified. Let Lβ denote the
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Fig. 8. Power factor pi(ω) for generators i = 1, 2, 3, for anticausal control (dark solid), causal optimal control with ν = 1 × 10−4 (light solid, negative values dashed), and optimal

static control (dotted). Values of T1 and Ce are as indicated. For all plots, H1/3 = 1 and γ = 1.
value of L for a given rotation angle β. Then it is a fact that

Lβ = �(β) L0 (90)

where Θ(β) is equal to

�(β) =
⎡
⎣�11 (β) �12 (β) �13 (β)

�13 (β) �11 (β) �12 (β)

�12 (β) �13 (β) �11 (β)

⎤
⎦ (91)

where

�11 (β) = 1

6
(4 cos β + 2) (92)

�12 (β) = 1

6

(
−2 cos β − 2

√
3 sin β + 2

)
(93)

�13 (β) = 1

6

(
−2 cos β + 2

√
3 sin β + 2

)
(94)

This is a (unitary) rotation matrix, and as such, has following proper-

ties for all β:

�T (β) = �−1 (β) = �(−β) (95)

Now, for a given wave excitation record a(t) and angle β = 0,

denote the voltage vector as v0(t) and the current vector as i0(t). Then

the equivalent voltage and current vectors for β �= 0 (i.e., the ones for

which the buoy dynamics are identical) are

vβ (t) = �(β) v0 (t) (96)

iβ (t) = �(β) u0 (t) (97)

Now, if the generators are all the same, then R = RI, and the instanta-

neous power generated for this equivalent system is

Pgen (t) = vT
β (t) iβ (t) − iT

β (t) Riβ (t) (98)

= (�(β)v0(t))
T

(�(β)i0(t)) + R(�(β)i0(t))
T

(�(β)i0(t)) (99)

= vT
0 (t) �T (β) �(β) i0 (t) − RiT

0 (t) �T (β) �(β) i0 (t) (100)

= vT
0 (t) i0 (t) − RiT

0 (t) i0 (t) (101)

Therefore, it may be said that for the WEC orientation with β = 0

and with currents i0(t), there exists an equivalent set of currents
iβ (t) for any rotational angle β, such that the buoy dynamics and

the generated power are both identical to the β = 0 case. Let Yβ (s)

be the optimal controller for rotation angle β. Then because of the

observations above, it is straight-forward to show that the optimal

controller for this β is therefore related to the one with β = 0, through

Yβ (s) = �(β) Y0 (s) �(−β) (102)

We conclude that all power generation plots are exactly the same

as they would be for any rotational orientation (or, equivalently, any

propagatory direction).

Consequently, the power generation plots in Fig. 5 are actually

independent of the rotational orientation of the tripod, assuming the

propagatory direction of the waves is known with certainty. However,

if β is unknown and its value merely assumed in control design, errors

in this quantity will lead to a departure from the optimal P gen for

the optimal causal controller. Thus, we close this example with an

examination of the robustness of optimal causal control to errors in

β.

Fig. 9 shows a ratio of P gen values for optimal causal controllers, as

a function of β. The denominator in the ratio is the power generation

for a controller optimized for the β and T1 values given, which, as we

have shown, is invariant on β. Meanwhile, the numerator in the ratio

is the power generation for a controller optimized for the T1 value

given and for β = 0, but subjected to the β value given. As such, the

ratio shows the degradation in power generation performance, as a

consequence of an error in the assumed value of β. Ratios are given

for six combinations of Ce and γ values. As can be seen, the optimal

causal controller is highly sensitive to propagatory direction. For er-

rors less than about 20◦, performance is within 80% of the theoretical

optimum, but this percentage drops fast after this, and even at 35◦,

power generation is zero for the highly efficient system (Ce = 105 kg/

s). For efficient conversion, larger errors in β not only lead to negative

efficiency (i.e., net energy escaping from the WEC into the sea) but

astronomically negative efficiencies as extreme as −800%.

This illustrates that although optimal causal control can be advan-

tageous, due to the fact that it does not require preview information

about future waves, it does require accurate information about the sea

state in order to be effective. This suggests that optimal causal control

is only a viable approach if the controller parameters are scheduled

so as to adapt to changes in the sea state, or in applications where the

sea state parameters are highly predictable.
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Fig. 9. Ratios of causal power generation given T1, for the case where the propagatory direction is unknown and off by an amount β , over the case where propagatory direction is

known accurately. The six plots are for Ce = 105, 104, and 103 kg/s (top to bottom) and γ = 1 and 3.3 (left to right).
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. Conclusions

The primary objective of this paper has been to illustrate that

n WEC control applications for which wave preview sensing is ei-

her undesirable or impossible and the sea state is stochastic, optimal

ausal controllers can be designed using LQG optimal control theory.

e have made comparisons of these optimal causal controllers to the

nticausal and static cases, both in terms of their overall power gen-

ration performance, as well as their spectral characteristics. Finally

e have shown that for optimal causal controllers, it is necessary

hat they be gain-scheduled in accordance with changes in the spec-

ral content and propagatory direction of the sea state, in order to

aintain acceptable performance.

With the recognition that causal WEC control problems fall into the

QG control paradigm, the wealth of knowledge on extensions of LQG

ontrollers can readily be investigated for such problems. One imme-

iate example of this concerns the application of various techniques

or accommodating nonlinearities, such as saturation, into the model
and control design. One straight-forward, if approximate, technique

for accomplishing this involves the use of statistical linearization to

account for nonlinearities in the optimization of linear feedback laws.

This has been applied to other energy harvesting problems [30]. Addi-

tionally, many techniques for robust control (i.e., H∞ and μ-synthesis

techniques [42]) appear to be directly transferable to this problem,

and may provide a systematic way of dealing with model uncertainty

in WEC control design. Finally, these techniques can be framed in an

indirect adaptive control context, in which the optimal LQG controller

is continually adapted to an updated identified model of the system

(including the sea state), based on measured output data. This would

be analogous to adaptive tuning techniques proposed in prior studies

(e.g., [43]), in which control parameters are modified in response to

detected changes in wave period and amplitude.
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Appendix A. 6-DOF hydrodynamic coefficients for an upright

cylindrical buoy

We consider an upright cylindrical buoy as in Fig. 3. Let the water

depth be d, and the distance from the base of the cylinder to the ocean

floor be h. (For the example, d = 20 m and h = 17 m.) Without loss

of generality, we can assume the reference frame is rotated such that

the propagatory direction of the incident wave is coincident with the

x-axis. As such, the physical interpretation of degrees of freedom i =
1...6 are: i = 1: surge, i = 2: sway, i = 3: heave, i = 4: roll and i = 5:

pitch and i = 6: yaw.

The solution for the wave and hydrodynamic forces on the

buoy can be expressed by an infinite-series representation involving

Bessel-functions as eigenfunctions [25]. In that paper, it is explained

that the potential field for the fluid region adjacent to the cylinder,

and the potential field beneath the cylinder, are both expressed by

different infinite-series and then summed up to calculate final forces.

Subscripts m and n are used to denote the series orders in these re-

spective fluid regions. Due to the revolution-symmetry only m ∈ {0,

1} contributes to the solution for a cylindrical buoy, whereas n ∈
{1. . .Nn} where Nn is the order of truncation (chosen as 25 in this

study).

We begin by calculating some intermediate variables which ap-

pear in all hydrodynamic coefficients. Let Im(·) and Km(·) denote the

modified Bessel functions of first and second kind, respectively, each

corresponding to integer value m. We denote αa, a ∈ {2...Na} as the

lowest Na real solutions (chosen as 10 in this study) of the transcen-

dental equation

ω2 + αag tan (αad) = 0 (A.1)

and denote the unique imaginary solution to the above as α1 = −jk,

where k > 0 is thus the solution to the dispersion equation. Next,

define Q ∈ RNn×Na element-by-element as

Qna = (−1)
n−1 αaεah

α2
a h2 − (n − 1)

2
π2

sin (αah) (A.2)

where εa = 21/2(1 + sin (2αad)/(2αad))−1/2, and define vectors λ1 ∈
RNa , λ3 ∈ RNn , λ4 ∈ RNn and λ5 ∈ RNa element-by-element as

λ1a = − bεa

αa
[sin (αad) − sin (αah)] (A.3)

λ3n =
⎧⎨
⎩

b2/2 : n = 1
2hb

(n − 1) π

I1 ((n − 1) πb/h)

I0 ((n − 1) πb/h)
cos ((n − 1) π) : n ≥ 2

(A.4)

λ4n =
⎧⎨
⎩

b3/4 : n = 1

2b2h

(n − 1) π

I2 ((n − 1) πb/h)

I1 ((n − 1) πb/h)
cos ((n − 1) π) : n ≥ 2

(A.5)

λ5a = bεa

αa

[
cos(αad) − cos(αah)

αa
+ (d − e) sin(αad)

− (h − e) sin(αah)]

(A.6)

where b is the radius of the buoy and e is the position of the point

with respect to which the moments are calculated (taken to be the
geometric centroid of the buoy for this example). For each m, define

vectors wm ∈ CNa and cm ∈ RNn element-by-element as

wm
a = m− αab

Km+1 (αab)

Km (αab)
(A.7)

cm
n =

⎧⎨
⎩

|m| : n = 1

2m+ 2
(n − 1) πb

h

Im+1 ((n − 1) πb/h)

Im ((n − 1) πb/h)
: n ≥ 2

(A.8)

To compute Fa(jω), for each m, define vectors qm ∈ CNa and gm ∈
RNa element-by-element as

qm
a =

⎧⎪⎨
⎪⎩ jm

[
1

2
− sin (−2jkd)

4jkd

]1/2 1

kd sinh (kd)
Im (−jkb) : a = 1

0 : a ≥ 2

(A.9)

gm
a = m+ αab

Im+1 (αab)

Im (αab)
(A.10)

then, define the vectors pm ∈ CNa , m ∈ {0, 1} as

pm =
[

h

d
QT diag(cm)Q − diag(wm)

]−1

[
diag(gm) − h

d
QT diag(cm)Q

]
qm

(A.11)

The nonzero elements of the transfer function matrix Fa(jω) are then

Fa1 ( jω) = 2π jρω2dλT
1

(
q1 + p1

)
(A.12)

Fa3 ( jω) = 2πρω2dλT
3 Q

(
q0 + p0

)
(A.13)

Fa5 ( jω) = −2π jρω2d
(
λT

5 + λT
4 Q

) (
q1 + p1

)
(A.14)

To compute Mc(ω) and Cc(ω), let Zik(jω) be the amplitude (in com-

plex phasor notation) of the hydrodynamic force due to added mass

and damping, exerted on degree of freedom i ∈ {1...6} due to the

unit-displacement oscillation of degree of freedom k ∈ {1...6}. Then

from this we can find the corresponding (i, k) components of Cc and

Mc uniquely, from Zik(jω) = { − ω2Mc(ω) + jωCc(ω)}ik. For the cylin-

der under consideration, the nonzero values of Zik are computed as

follows. First compute vectors qm
k ∈ RNn and gm

k ∈ RNa element-by-

element as

q1
1n = 0 (A.15)

q0
3n =

⎧⎪⎪⎨
⎪⎪⎩

− h

6d
+ b2

4dh
: n = 1

(−1)
n h

d(n − 1)
2
π2

: n ≥ 2
(A.16)

q1
5n =

⎧⎪⎪⎨
⎪⎪⎩

bh

12d2
− b3

16d2h
: n = 1

(−1)
n−1 bh

2d2(n − 1)
2
π2

: n ≥ 2
(A.17)

g1
1a = − bεa

2d2αa
[sin (αad) − sin (αah)] (A.18)

g0
3a = b2εa

2hd2αa
sin (αah) (A.19)

g1
5a = − bεa

2d3α2
a

[cos (αad) − 2 cos (αah) + sin (αad) (αad − αae)

+ sin (αah)

(
3

8
αa

b2

h
+ αae − 3

2
αah + 1

hαa

)]
(A.20)
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hen, for m ∈ {0, 1} and for each degree of freedom k, find vectors

pm
k ∈ RNa as

pm
k =[
h

d
QT diag(cm)Q − diag(wm)

]−1 [
gm

k − h

d
QT diag(cm)qm

k

]
(A.21)

n terms of these, compute the nonzero Zik components as

Z11 = Z22 = 2πρω2dλT
1 p1

1 (A.22)

Z15 = Z51 = −Z24 = −Z42 = 2πρω2d2λT
1 p1

5 (A.23)

Z33 = 2πρω2d

[
1

16hd

(
4h2b2 − b4

)
+ λT

3

(
Q p0

3 + q0
3

)]
(A.24)

Z55 = Z44 =
−2πρω2d2

[
− 1

96hd2
(6b4h2 + b6) + λT

5 p1
5 + λT

4 (Q p1
5 + q1

5)

]
(A.25)

ppendix B. Steps for subspace-based finite-dimensional

approximation

Let G(s) be a generic transfer function of dimension p × m, which

e wish to estimate as a finite-dimensional state space. Denote this

pproximate transfer function as G′(s). The procedure is parametrized

y four variables {T, M, q, r}. To generate data in this paper, these

arameters were uniformly set to {0.5 s, 257, 257, 257}. However, the

lgorithm can be made more efficient (at the expense of accuracy) by

eduction of q and r. These tradeoffs were not explored here.

1. To begin, we must evaluate G(jω) (including the solution to the

frequency-dependent hydrodynamic coefficients) at discrete val-

ues of ω. Here, it is convenient to use a very specific array of

frequency values. To define these, we first define the set Ωk�πk/

M, k ∈ {0, . . ., M} for some M ∈ Z. Then, we define the evaluation

frequencies {ω0, ω1, . . ., ωM} through a bilinear transformation, as

ωk �
(

2

T

)
tan

(
Ωk

2

)
(B.1)

For convenience, define:

G̃ k =
{

G (ωk) : k ∈ {0, ..., M
}

G∗ (ω2M−k) : k ∈ {M + 1, ..., 2M − 1
} (B.2)

2. Compute the inverse discrete Fourier transform (DFT) of G̃ k, k ∈
{0, ..., 2M − 1} as

g̃� = 1

2M

2M−1∑
k=0

G̃ ke jΩk� (B.3)

The resultant coefficients g̃�, � ∈ {0, ..., 2M − 1} approximate the

impulse response of the discrete-time transfer function G̃ (z).

3. For two coefficients q, r such that q + r ≤ 2M, construct the block

Hankel matrix

Hqr =

⎡
⎢⎢⎣

g̃1 · · · g̃r

.

.

.
. . .

.

.

.

g̃q · · · g̃q+r−1

⎤
⎥⎥⎦ (B.4)

and perform a singular value decomposition as

Hqr = [
U1 U2

] [�1 0

0 �2

] [
VT

1

VT
2

]
(B.5)

where both �1 and �2 are each diagonal and contain the singular

values in decreasing order. The partitioning of the matrices above

is determined such that the singular values in �2 are zero to nu-

merical precision, while those in �1 are deemed significant. Let

the number of significant singular values be nG (chosen as 12 for

Ga and 10 for Gi in this study).
4. Construct an approximate finite-dimensional discrete-time sys-

tem as

G̃
′
(z) = D̃ + C̃

[
zI − Ã

]−1
B̃, (B.6)

where

Ã = [first(q − 1)p rows of U1]
+

[last(q − 1)p rows of U1]
(B.7)

C̃ = [first p rows of U1] (B.8)

B̃ =
[

Ĩ − Ã
2M
]
�1 [first m rows of V1]

T
(B.9)

D̃ = g̃0 − C̃ Ã
2M−1

�1 [first m rows of V1]
T

(B.10)

and where (·) + denotes the left pseudoinverse. This finite-

dimensional system approximates the discrete-time transfer func-

tion G̃ (z). The compuated Ã matrix is then checked to verify that it

is discrete-time asymptotically stable (i.e., that its poles are inside

the unit disk). Any poles outside the unit disk are radially reflected

inside the disk, and then B̃ and D̃ are recalculated.

5. The matrix parameters {A, B, C, D} for the approximate

continuous-time system

G ′ (s) = D + C [s I − A]
−1 B (B.11)

is then found via the standard bilinear (i.e., Tustin) transforma-

tion using sample time T, which can (for example) be evaluated

using the d2c command in Matlab. Although D may be nonzero

in the finite-dimensional approximation, it is usually small, and is

discarded.

Appendix C. WSPR adjustment algorithm for finite-dimensional

Gi(s)

For finite-dimensional and strictly-proper transfer functions, the

WSPR property holds if and only if there exists a matrix W1 = WT
1 > 0

such that Bh = W1C T
h and the following matrix inequality holds:

AhW1 + W1 AT
h < 0 (C.1)

Suppose that we only adjust Bh to bring about the WSPR condition;

i.e., A′
h = Ah, C ′

h = C h, E ′
h = Eh. Then the error system �(s) = G h(s) −

G ′
h(s) is

�(s) = C h[s I − Ah]
−1 [Bh − B′

h 0
]
. (C.2)

It can be shown that ‖ � ‖∞ < γ for the above parametrization if and

only if there exists a matrix W2 = WT
2 > 0 such that⎡

⎣ AhW2 + W2 AT
h Bh − B′

h W2C T
h

BT
h − B′T

h −γ I 0

C hW2 0 −γ I

⎤
⎦ < 0 (C.3)

Thus formulated, we seek positive-definite matrices {W1, W2}
such that with W1C T

h = B′
h, the quantity γ is minimized, subject to

linear matrix inequality (LMI) constraints (C.1) and (C.3). Substituting

W1C T
h → B′

h into (C.3), we see that this matrix inequality is linear in

the unknowns {γ , W1, W2}. As such, determining the W1 that mini-

mizes γ reduces to a convex, linear semidefinite program:

W1 = sol

⎧⎨
⎩

minimize: : γ

over: : γ , W1, W2

constraints: : W1 > 0, W2 > 0, (C.1) and (C.3)

Such semidefinite programs can be solved extremely efficiently using

many commercially-available software packages, such as the linear

matrix inequality solver included in Matlab’s robust control toolbox.
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With a solution found as above for W1, the adjusted B′
h matrix is

B′
h = W1C T

h .
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